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●    A common approach for consistent integrations of soundproof and      
compressible nonhydrostatic PDEs for all-scale atmospheric dynamics.  
 
●   Generalisation of proven soundproof numerics (anelastic, pseudo-
incompressible) to low speed compressible solvers (acoustic, semi-implicit,  
flux-form Eulerian and semi-Lagrangian) 
 
●   Extension of variational Krylov solvers for generalised Poisson problem 
to corresponding generalised Helmholtz problems of two kinds. 
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                       Anelastic equations of Lipps and Hemler (1982, 1990) : 
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           Pseudoincompressible equations of Durran (JAS 1989, JFM 2008)  

   Compressible Euler equations (e.g., Dutton 1986) : 
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Combined symbolic equations: 
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Combined equations, conservation form: 
 

         Riemannian connection: 
 

Integration schemes       

specific vs. density variables 
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Non-oscillatory forward-in-time differencing for fluids: (archetype problem “AP”) 

 

   “modified equation”: 

For the homogeneous AP problem,  compensating for all first-order errors leads to:  

 e.g.;  MPDATA, 
Kühnlein et al. 2012 
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    Given availability of an 2nd  order NFT algorithm for the homogeneous  problem   
    a 2nd order-accurate solution  for an inhomogeneous problem is: 

 Dual interpretation of the archetype PDE 

 soundproof models:   gas dynamics: 

 unified  framework, element 1 



semi-implicit  ``acoustic’’ scheme: 

       RE compressible Euler PDEs  
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Helmholtz solvers for compressible models: : 
0) Poisson problem in soundproof models 

and … 

A diagonally preconditioned Poisson problem for pressure perturbation . 

 unified  framework, element  2: 
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1) Helmholtz problem for compressible  NFT model; “first kind” 

Combine the gas law and mass continuity equation into the inhomogeneous AP  

  Helmholtz problem of the “second kind”   dt 0.5 dt_soundproof, 

Poisson operator 

Helmholtz term 
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2) Helmholtz problem for compressible  NFT model; “second kind” 
formulate up front the inhomogeneous AP for pressure perturbation (rather than for full pressure 
to then derive the Helmholtz problem for the pressure perturbation) in the spirit of the equation;   

Results    
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1.Global baroclinic instability;   Prusa & Gutowski (2010, ECCOMAS paper #1453, 
adaptation of Jablonowski & Williamson (2006, QJR)  Smolarkiewicz (2011, ECMWF)    

CPI2,  2880 dt=300 s,  
wallclock time=2.0 mns, 
wlt/dt=0.041 s  

8 days, surface θ’, 
128x64x48 lon-lat grid,  
128 PE of Power7  IBM 

CPI1,  5760 dt=150 s,  
wallclock time=3.7 mns, 
wlt/dt=0.039 s  

CPEX,  432000 dt=2 s,  
wallclock time=178.9 mns, 
wlt/dt=0.025 s  
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1.Global baroclinic instability;   Prusa & Gutowski (2010, ECCOMAS paper #1453, 
adaptation of Jablonowski & Williamson (2006, QJR)  Smolarkiewicz (2011, ECMWF)    

CPI2,  2880 dt=300 s,  
wallclock time=2.0 mns, 
wlt/dt=0.041 s  

PSI,  2880 dt=300 s,  
wallclock time=2.3 mns, 
wlt/dt=0.048 s  

ANL,  2880 dt=300 s,  
wallclock time=2.1 mns, 
wlt/dt=0.044 s  
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The role of baroclinicity 

            anelastic              pseudoincompressible           compressible 
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Non-Boussinesq amplification and breaking of  deep stratospheric gravity wave 

Prusa et al., JAS 1996;  
Smolarkiewicz & Margolin, Atmos. Ocean,1997;  
Klein, Ann. Rev. Fluid Dyn., 2010 
Smolarkiewicz & Szmelter, Acta Geophysica, 2011 

NL/Uo ≈ 1 ,  Fr ≈ 1.6; 
lo  = 2p km  <≈ Hρ  Þ 
A(H/2)=10ho  = lo      

isothermal reference 
profiles ;  Hθ = 3.5 Hρ  t=1h 

t=1.5h 

t=2h 

anelastic conservative reference solution 
in terrain-following  coordinates      
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CPI2 

 PSI 

ANL 

1.5h, surface lnθ, 
320x160 Gal-Chen grid, 
domain 120 km x 60 km 
``soundproof’’ dt=5 s 
``acoustic’’ dt=0.5 s  
320 PE of Power7  IBM 
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 Principal results 

The research leading to these results has received funding from the European Research Council under 
the European Union’s Seventh Framework Programme (FP7/2012/ERC Grant agreement no. 320375)  

 
 Soundproof and compressible models are elements of  a more general theoretical-      

numerical framework underlying non-oscillatory forward-in-time (NFT) approach 
 The respective PDEs are integrated using essentially the same numerics  
 The resulting compressible solvers are available in compatible flux-form Eulerian and 

semi-Lagrangian variants 
 The flux-form solvers readily extend to unstructured-meshes 
 
 The acoustic and large time step solutions for a synoptic scale problem of global 

baroclinic instability closely match each other 
 Pseudoincompressible solutions for the synoptic scale problem closely approximate 

compressible results 
 All solutions match each other for a mesoscale problem of deep gravity wave 
  
     The unified framework is a tool for blending models; RE Arakawa-Konor 2009 
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                                   What is A operator?  MPDATA  
        (multidimensional positive definite advection transport algorithm) 

 

In return for complexity MPDATA offers: nonlinear stability, independence  
on spatial discretization, and scalability  
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Example #1: Power of ILES; L2 integrability 
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