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Limit regimes in atmospheric flows

Sound-proof limits

Semi-implicit scheme for compressible flows

Scale-dependent time integration

Extensions: Moisture & general Eqs. of State
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Asymptotic Modelling Framework
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Anelastic Boussinesque Model

ut + u · ∇u + wuz + ∇π = Su

wt + u · ∇w + wwz + πz = −θ′ + Sw

θ′t + u · ∇θ′ + wθ′z = S′
θ

∇ · (ρ0u) + (ρ0w)z = 0

θ = 1 + ε4θ′(x, z, t) + o(ε4)

10 km / 20 min

Quasi-geostrophic theory

(∂τ + u(0) · ∇) q = 0

q = ζ(0) + Ω0βη +
Ω0

ρ(0)

∂

∂z

(
ρ(0)

dΘ/dz
θ(3)

)

ζ(0) = ∇2π(3), θ(3) = −∂π(3)

∂z
, u(0) =

1

Ω0
k ×∇π(3)

1000 km / 2 days

EMIC - equations (CLIMBER-2)

∂QT

∂t
+ ∇ · F T = ST

∂Qq

∂t
+ ∇ · F q = Sq

Qϕ =

Ha∫

zs

ρ ϕ dz , F ϕ =

Ha∫

zs

ρ
(
u ϕ + ̂(u′ ϕ′) + Dϕ

)
dz ,

(
ϕ ∈ {T, q}

)

T = Ts(t, x) + Γ(t, x)

(
min(z, HT ) − zs

)
, q = qs(t, x) exp

(
−z − zs

Hq

)

ρ = ρ∗ exp

(
− z

hsc

)
, p = p∗ exp

(
−γz

hsc

)
+ p0(t, x) + gρ∗

z∫

0

T

T∗
dz ′

u = ug + ua , fρ∗k × ug = −∇xp uα = α∇p0

V. Petoukhov et al., CLIMBER-2 ..., Climate Dynamics, 16, (2000)

10000 km / 1 season



Asymptotic Modelling Framework
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Earth’s radius a ∼ 6 · 106 m

Earth’s rotation rate Ω ∼ 10−4 s−1

Acceleration of gravity g ∼ 9.81 ms−2

Sea level pressure pref ∼ 105 kgm−1s−2

H2O freezing temperature Tref ∼ 273 K

Tropospheric potential temperature variation ∆Θ ∼ 40 K

Dry gas constant R ∼ 287 m2s−2K−1

Dry isentropic exponent γ ∼ 1.4

Distinguished limit:

Π1 =
hsc

a
∼ 1.6 · 10−3 ∼ ε3

Π2 =
∆Θ

Tref

∼ 1.5 · 10−1 ∼ ε

Π3 =
cref

Ωa
∼ 4.7 · 10−1 ∼ √ε

where
hsc =

RTref

g
=

pref

ρrefg
∼ 8.5 km

cref =
√
RTref =

√
ghsc ∼ 300 m/s



Asymptotic Modelling Framework

7 R.K., Ann. Rev. Fluid Mech., 42, 249–274 (2010)

distinguished limit continued

Frint ∼ ε
Rohsc

∼ ε−1

RoLRo
∼ ε

Ma ∼ ε3/2



Asymptotic Modelling Framework

8 R.K., Ann. Rev. Fluid Mech., 42, 249–274 (2010)

Compressible flow equations with general source terms

(
∂

∂t
+ vq ·∇q + w

∂

∂z

)
vq + ε (2Ω× v)q +

1

ε3ρ
∇||p = Svq ,

(
∂

∂t
+ vq ·∇q + w

∂

∂z

)
w + ε (2Ω× v)⊥ +

1

ε3ρ

∂p

∂z
= Sw −

1

ε3
,

(
∂

∂t
+ vq ·∇q + w

∂

∂z

)
ρ + ρ∇ ·v = 0 ,

(
∂

∂t
+ vq ·∇q + w

∂

∂z

)
Θ = SΘ .

Expansions 


ρ
vq
ρ
Θ


 =: U =

m∑

i=0

(εα)i U(i) + o
(

(εα)m
)



Asymptotic Modelling Framework

9 R.K., Ann. Rev. Fluid Mech., 42, 249–274 (2010)

Asymptotic Expansions & Classical Results

Recovered classical single-scale models:

U(i) = U(i)(
t

ε
, x,

z

ε
) Linear small scale internal gravity waves

U(i) = U(i)(t,x, z) Anelastic & pseudo-incompressible models

U(i) = U(i)(εt, ε2x, z) Linear large scale internal gravity waves

U(i) = U(i)(ε2t, ε2x, z) Mid-latitude Quasi-Geostrophic Flow

U(i) = U(i)(ε2t, ε2x, z) Equatorial Weak Temperature Gradients

U(i) = U(i)(ε2t, ε−1 ξ(ε2x), z) Semi-geostrophic flow

U(i) = U(i)(ε3/2t, ε5/2x, ε5/2y, z) Kelvin, Yanai, Rossby, and gravity Waves

... and many more



Asymptotic Modelling Framework

10 R.K., Ann. Rev. Fluid Mech., 42, 249–274 (2010)
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12 Klein, TCFD, 23, 161–195, (2009); Klein, Achatz, Bresch, Knio, Smolarkiewicz, JAS, 67, 3226–3237 (2010)

Limit regimes in atmospheric flows

Sound-proof limits

Semi-implicit scheme for compressible flows

Scale-dependent time integration

Extensions: Moisture & general Eqs. of State
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Key question:

What is the slow flow limiting dynamics like?

i.e.

What should a compressible solver do in the limit?

Answer:

Behave pseudo-incompressibly !∗

∗ Anelastic “looses” only for breaking of internal wave packets in the stratosphere



Sound-Proof Models

13 † e.g. Lipps & Hemler, JAS, 29, 2192–2210 (1982) ∗ Durran, JAS, 46, 1453–1461 (1989)

Compressible & sound-proof flow equations

ρt +∇ · (ρv) = 0

(ρu)t +∇ · (ρv ◦ u) + P∇‖π = 0

(ρw)t +∇ · (ρvw) + Pπz = −ρg

Pt +∇ · (Pv) = 0

drop term for:

anelastic† (approx.)

pseudo-incompressible∗

(hydrostatic-primitive)

P = p
1
γ = ρθ , π = p/ΓP , Γ = cp/R , v = u + wk (u ·k ≡ 0)

Parameter range & length and time scales of asymptotic validity ?
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From here on ε is the (isothermal) Mach number

ε =
uref√
pref/ρref

=
uref√
ghsc



Design Regime (10 km / 20 min )
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Characteristic (inverse) time scales

dimensional dimensionless

advection :
uref

hsc

1

internal waves : N =

√
g

θ

dθ

dz

√
ghsc

uref

√
hsc

θ

dθ

dz
=

1

ε

√
hsc

θ

dθ

dz

sound :

√
pref/ρref

hsc

=

√
ghsc

hsc

√
ghsc

uref

=
1

ε

Ogura & Phillips’ regime∗ with two time scales

θ = 1 + ε2θ̂(z) + . . . ⇒ hsc

θ

dθ

dz
= O(ε2) ⇒ ∆θ

∣∣hsc

z=0
< 1 K



Design Regime (10 km / 20 min )

17 ∗ Ogura & Phillips, JAS, 19, 173–179 (1962)

Characteristic (inverse) time scales

dimensional dimensionless

advection :
uref

hsc

1

internal waves : N =

√
g

θ

dθ

dz

√
ghsc

uref

√
hsc

θ

dθ

dz
=

1

ε

√
hsc

θ

dθ̂

dz

sound :

√
pref/ρref

hsc

=

√
ghsc

hsc

√
ghsc

uref

=
1

ε

Ogura & Phillips’ regime∗ with two time scales

θ = 1 + ε2θ̂(z) + . . . ⇒ hsc

θ

dθ

dz
= O(ε2) ⇒ ∆θ

∣∣hsc

z=0
< 1 K
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Characteristic (inverse) time scales

dimensional dimensionless

advection :
uref

hsc

1

internal waves : N =

√
g

θ

dθ

dz

√
ghsc

uref

√
hsc

θ

dθ

dz
=

1

ε

√
hsc

θ

dθ̂
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sound :

√
pref/ρref

hsc

=

√
ghsc

hsc

√
ghsc
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=
1

ε
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θ = 1 + ε2θ̂(z) + . . . ⇒ hsc

θ

dθ
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= O(ε2) ⇒ ∆θ

∣∣hsc

z=0
< 1 K
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Characteristic (inverse) time scales

dimensional dimensionless

advection :
uref

hsc

1

internal waves : N =

√
g

θ

dθ

dz

√
ghsc

uref

√
hsc

θ

dθ

dz
=

1

εν

√
hsc

θ

dθ̂

dz

sound :

√
pref/ρref

hsc

=

√
ghsc

hsc

√
ghsc

uref

=
1

ε

Realistic regime with three time scales

θ = 1 + εµθ̂(z) + . . . ⇒ hsc

θ

dθ

dz
= O(εµ) (ν = 1− µ/2)



Design Regime (10 km / 20 min )

20 K., Achatz, Bresch, Knio, Smolarkiewicz, JAS, 67, 3226–3237 (2010)

Fast linear compressible / pseudo-incompressible modes

θ̃ϑ + w̃
dθ

dz
= 0

ṽϑ +
θ̃

θ
k + θ∇π∗ = 0

εµ π∗ϑ +

(
γΓπ∇ · ṽ + w̃

dπ

dz

)
= 0

Vertical mode expansion (separation of variables)




θ̃
ũ
w̃
π∗


 (ϑ,x, z) =




Θ∗

U ∗

W ∗

Π∗


(z) exp (i [ωϑ− λ ·x])



Design Regime (10 km / 20 min )

21 † rigorous proof with D. Bresch K., Achatz, Bresch, Knio, Smolarkiewicz, JAS, 67, 3226–3237 (2010)

− d

dz

(
1

1− εµω2/λ2

c2

1

θ P

dW ∗

dz

)
+
λ2

θ P
W ∗ =

1

ω2

λ2N 2

θ P
W ∗

Internal wave modes
(
ω2/λ2

c2
= O(1)

)

• pseudo-incompressible modes/EVals = compressible modes/EVals + O(εµ) †

• phase errors remain small over advection time scales for µ >
2

3

The anelastic and pseudo-incompressible models remain relevant for stratifications

1

θ

dθ

dz
< O(ε2/3) ⇒ ∆θ|hsc

0
<∼ 40 K

not merely up to O(ε2) as in Ogura-Phillips (1962)



22 ∗ Achatz, Senf, K., JFM, 663, 120–147, (2010); K., Proc. ECMWF Nonhydrostatic Modelling, (2011)

Key question:

What is the slow flow limiting dynamics like?

i.e.

What should a compressible solver do in the limit?

Answer:

Behave pseudo-incompressibly !∗

∗ Anelastic “looses” only for breaking of internal wave packets in the stratosphere
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Limit regimes in atmospheric flows

Sound-proof limits

Semi-implicit scheme for compressible flows

Scale-dependent time integration

Extensions: Moisture & general Eqs. of State
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pseudo-incompressible ⇔ compressible



Pseudo-incompressible ⇔ compressible

25

Compressible

ρt +∇ · (ρv) = 0

(ρv)t +∇ · (ρv ◦ v) + P∇π = −ρgk

Pt +∇ · (Pv) = 0

P = p
1
γ = ρθ , π = p/ΓP , Γ = cp/R , v = u+wk (u ·k ≡ 0)



Pseudo-incompressible ⇔ compressible

26

Pseudo-incompressible

ρt +∇ · (ρv) = 0

(ρv)t +∇ · (ρv ◦ v) + P∇π = −ρgk

× ∇ · (Pv) = 0

ρθ = P , π : “elliptic pressure”



27 ∗ effectively a projection method: Almgren et al. , Astrophys. J., 684, 449–470, (2008); K., TCFD, 23, (2009)

Predictor-corrector scheme∗

for

pseudo-incompressible flow



28 ∗ K., TCFD, 23, 161–195, (2009); any Runge-Kutta / Finite Volume; EULAG’s-predictor …

Predictor

Solve auxiliary hyperbolic system over tn→ tn+1

(by your favorit 2nd order scheme)∗

ρt +∇ · (ρv) = 0

(ρv)t +∇ · (ρv ◦ v) = −ρgk − P∇πn

Pt +∇ · (Pv) = 0

Predicted values satisfy


ρ
P
θ



n+1,∗

=



ρ
P
θ



n+1

+ O
(

(∆t)3
)
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Predictor

Solve auxiliary hyperbolic system over tn→ tn+1

(by your favorit 2nd order scheme)∗

ρt +∇ · (ρv) = 0

(ρv)t +∇ · (ρv ◦ v) = −ρgk − P∇πn

Pt +∇ · (Pv) = 0

But
vn+1,∗ = vn+1 + O

(
(∆t)2

)

Pn+1,∗ 6= P
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Corrector for advective fluxes

πn+1 = πn + δπ

(Pv)n+1/2 = (Pv)n+1/2,∗ − ∆t

2
Pθ∇δπ

Pn+1 = Pn −∆t∇ · (Pv)n+1/2 !
= P
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Corrector for advective fluxes

πn+1 = πn + δπ

(Pv)n+1/2 = (Pv)n+1/2,∗ − ∆t

2
Pθ∇δπ

Pn+1 = Pn+1,∗ +
(∆t)2

2
∇ · (Pθ∇δπ)

!
= P

Solve elliptic pressure equation

∇ · (Pθ∇δπ) =
2

(∆t)2

(
P − Pn+1,∗

)
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Corrector for advective fluxes

πn+1 = πn + δπ

(Pv)n+1/2 = (Pv)n+1/2,∗ − ∆t

2
Pθ∇δπ

Pn+1 = Pn+1,∗ +
(∆t)2

2
∇ · (Pθ∇δπ)

!
= P

Flux correction for advected scalarsX ∈ {1, 1/θ,v/θ}

(PX)n+1 = (PX)n+1,∗ +
(∆t)2

2
∇ · (X Pθ∇δπ)
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That’s it up to ...

divergence control for vn+1

some “bells & whistles”
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Predictor-corrector scheme

for

compressible flow



35 ∗Identical to psinc-predictor !

Predictor∗

Solve auxiliary hyperbolic system over tn→ tn+1

(by your favorit 2nd order scheme)

ρt +∇ · (ρv) = 0

(ρv)t +∇ · (ρv ◦ v) = −ρgk − P∇πn

Pt +∇ · (Pv) = 0

Predicted values satisfy


ρ
P
θ



n+1,∗

=



ρ
P
θ



n+1

+ O
(

(∆t)3
)



36 ∗Identical to psinc-predictor !

Predictor∗

Solve auxiliary hyperbolic system over tn→ tn+1

(by your favorit 2nd order scheme)

ρt +∇ · (ρv) = 0

(ρv)t +∇ · (ρv ◦ v) = −ρgk − P∇πn

Pt +∇ · (Pv) = 0

But
vn+1,∗ = vn+1 + O

(
(∆t)2

)

Pn+1,∗ 6= P



37 ∗Identical to psinc-predictor !

Corrector for advective fluxes∗

πn+1 = πn + δπ

(Pv)n+1/2 = (Pv)n+1/2,∗ − ∆t

2
Pθ∇δπ

Pn+1 = Pn −∆t∇ · (Pv)n+1/2

Flux correction for advected scalarsX ∈ {1, 1/θ,v/θ}

(PX)n+1 = (PX)n+1,∗ +
(∆t)2

2
∇ · (X Pθ∇δπ)
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Corrector for advective fluxes

πn+1 = πn + δπ

(Pv)n+1/2 = (Pv)n+1/2,∗ − ∆t

2
Pθ∇δπ

Pn+1 = Pn −∆t∇ · (Pv)n+1/2

But now

Pn+1 − Pn =

(
∂P

∂π

)n+1/2

δπ + O
(

(δπ)3
)
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Corrector for advective fluxes

πn+1 = πn + δπ

(Pv)n+1/2 = (Pv)n+1/2,∗ − ∆t

2
Pθ∇δπ

Pn+1 = Pn −∆t∇ · (Pv)n+1/2

Solve Helmholtz equation

2

(∆t)2

(
∂P

∂π

)n+1/2

δπ −∇ · (Pθ∇δπ) =
2

(∆t)2

(
Pn+1,∗ − Pn

)
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Corrector for advective fluxes

πn+1 = πn + δπ

(Pv)n+1/2 = (Pv)n+1/2,∗ − ∆t

2
Pθ∇δπ

Pn+1 = Pn −∆t∇ · (Pv)n+1/2

Exner pressure post-correction

πn+1 =
1

Γ

(
Pn+1

)γ−1
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Bells & Whistles

• Well-balanced discretization of gravity term / no background state
([1] Botta et al., JCP, 196, 539-565, (2004))

• Positivity of advection in spatial op-split mode
([2] K., TCFD, 23, 161–195, (2009))

• Runge-Kutta, MUSCL-type, BDF2 predictor time integrators available
([2], [3] O’Neill, K., Atmos. Res., accepted, (2013), [4] Benacchio, K., t.b.p., (2013))

• Inf-Sup-stable version of projection step
([5] Vater, K., Num. Math., 113, 123-161, (2009)
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Some results
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Diagonally advected vortex

t = 0

t = 1

t = 2

density vorticity

6 6.5 7 7.5 8 8.5 9
−4.5

−4

−3.5

−3

−2.5

−2

−1.5
Density relative L∞ error

log N points

log
 L∞  er

ror

1.654

1.9805

2.3018

6 6.5 7 7.5 8 8.5 9
−4

−3.5

−3

−2.5

−2

−1.5
Momentum magnitude relative L∞ error

log N points

log
 L∞  er

ror

1.7948

2.0179

2.2855

6 6.5 7 7.5 8 8.5 9
−3.5

−3

−2.5

−2

−1.5

−1

−0.5
Pressure relative L∞ error

log N points

log
 L∞  er

ror

1.7743

1.8385

1.8747



44

Breaking wave-test for anelastic models (Smolarkiewicz & Margolin (1997)) ⇒ Joana’s talk!

6
0

 k
m

60 km-60 km 0 km

0
 k

m

U = 10 m/s
N = 0.01 1/s

Absorption layers  
d = 0 ... 1/600s

“Witch of Agnesi”
h = 628 m, l = 1000m
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Results at time t = 2h

pseudo-incompressible

compressible, CFLadv = 1

compressible, CFLac = 2
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Breaking wave-test for anelastic models (Smolarkiewicz & Margolin (1997))
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Thermodynamically consistent ”psinc“

47 ∗ K., TCFD, 23, 161–195, (2009)

Standard model in conservative form∗

ρ∗t +∇ · (ρ∗v) = 0

(ρ∗u)t +∇ · (ρ∗v ◦ u) + P∇‖π = 0

(ρ∗w)t +∇ · (ρ∗vw) + ρ∗θπz = −ρ∗g

∇ · (Pv) = 0

⇒ advective form

ρ∗θ = P , π = π(z) + π′ , v = u + wk (u ·k ≡ 0)

ρ∗ is Durran’s “pseudo-density”



Thermodynamically consistent ”psinc“

48 ∗ Durran, JAS, 46, 1453–1461, (1989)

Standard model in momentum-advective form∗

ρ∗t +∇ · (ρ∗v) = 0

ut + v ·∇u + θ∇‖π′ = 0

wt + v ·∇w + θπ′z = g
θ − θ
θ

= g
θ′

θ

∇ · (Pv) = 0

ρ∗ is the density effective in the momentum equation!



Thermodynamically consistent ”psinc“

49 ∗ K., Pauluis, JAS, 69, 961–968, (2012)

Thermodynamically consistent∗ model in conservative form

ρ∗t +∇ · (ρ∗v) = 0

(ρ∗u)t +∇ · (ρ∗v ◦ u) +∇‖p = 0

(ρ∗w)t +∇ · (ρ∗vw) + pz = −
(
ρ∗ +

∂ρ

∂p
p′
)
g

∇ · (Pv) = 0

ρ∗θ = P , p = p(z) + p′ , v = u + wk (u ·k ≡ 0)

ρ∗ is Durran’s “pseudo-density”



50

Straka’s test

compressible (COMP)

psinc – (ρ, p)-formulation (PI)

psinc – thermodynamically consistent (TC)∗
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Straka’s test – model comparison
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53 Vater, K., Knio, Acta Geophysica, 59, 120–147, (2011)

Limit regimes in atmospheric flows

Sound-proof limits

Semi-implicit scheme for compressible flows

Scale-dependent time integration

Extensions: Moisture & general Eqs. of State



Scale-dependent time integration

54 ∗ see, e.g., Reich et al. (2007)

Why not simply solve the full compressible equations?

Competing approaches: model codes

• Split-explicit / multi-rate methods, e.g.,

– Runge-Kutta (slow) + forward-backward (fast), e.g.,
Wicker & Skamarock, MWR, (98), ... ; MM5, LM, WRF ...

– Multirate infinitesimal schemes, peer methods
Wensch et al., BIT, (09); ASAM, ...

• Semi-implicit / linearly implicit schemes

– explicit advection, damped 2nd or 1st-order schemes for fast modes, e.g.,
Robert, Japan Met. J., (69), ... ; UKMO, ...

– linearly implicit Rosenbrock-type methods, e.g.,
Reisner et al., MWR, (05), ...; ASAM, LANL Hurricane model, ...

• Fully implicit integration



Scale-dependent time integration

54 ∗ see, e.g., Reich et al. (2007)

Why not simply solve the full compressible equations?

Linear acoustics, simple wave initial data, periodic domain
(integration: implicit midpoint rule, staggered grid, 512 grid pts., CFL = 10)
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Ideas:

Slave short waves (c∆t/` > 1) to long waves (c∆t/` ≤ 1)

with pseudo-incompressible limit behavior

“super-implicit” scheme
non-standard multi grid

projection method



Scale-dependent time integration

55 ∗ see, e.g., Reich et al. (2007)

Why not simply solve the full compressible equations?

Linear acoustics, simple wave initial data, periodic domain
(integration: implicit midpoint rule, staggered grid, 512 grid pts., CFL = 10)
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• Slave short waves (c∆t/` > 1) to long waves (c∆t/` ≤ 1)

• with pseudo-incompressible limit behavior

“super-implicit” scheme
non-standard multi grid

projection method



Scale-dependent time integration

56 ∗ see, e.g., Reich et al. (2007)

εÿ + εκẏ + y = cos(t) ,

{
y(0) = 1 + a

ẏ(0) = 0
, (ε = 0.01)
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Scale-dependent time integration

57 ∗ see, e.g., Reich et al. (2007)

εÿ + εκẏ + y = cos(t)

Slow-time asymptotics for ε� 1:

y(t) = y(0)(t) + εy(1)(t) + . . . ,
y(0)(t) = cos(t)

y(1)(t) = −(ÿ(0) + κẏ(0))(t)

Associated “super-implicit” discretization (extreme BDF):

yn+1 = cos(tn+1)− ε [(δt + κ) ẏ]∗,n+1

ẏn+1 =
1

∆t

(
yn+1 − yn +

1

2

(
yn+1 − 2yn + yn−1

))

where

u∗,n+1 = 2un − un−1

(δtu)∗,n+1 =
1

∆t

(
un − un−1 +

3

2
(un − 2un−1 + un−2)

)



Scale-dependent time integration

58 ∗ see, e.g., Reich et al. (2007)
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Scale-dependent time integration

59 ∗ see, e.g., Reich et al. (2007)
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Scale-dependent time integration

60 ∗ see, e.g., Reich et al. (2007)
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Scale-dependent time integration

61 ∗ see, e.g., Reich et al. (2007)

Compressible flow equations:

ρt +∇ · (ρv) = 0

(ρv)t +∇ · (ρv ◦ v) + P∇π = −ρgk

Pt +∇ · (Pv) = 0

P = p
1
γ = ρθ , π = p/ΓP , Γ = cp/R



Scale-dependent time integration

62 ∗ see, e.g., Reich et al. (2007)

For starters: 1D Linear acoustics:

ut + px = 0

pt + c2ux = 0

Desired:

• remove underresolved modes

• minimize dispersion for marginally
resolved modes
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Strategy:

scale-dependent IMP-SupI-Blended scheme via multi grid



Scale-dependent time integration

63 ∗ see, e.g., Reich et al. (2007)

1D Linear acoustics:

ut + px = 0

pt + c2ux = 0

Desired:

• remove underresolved modes

• minimize dispersion for marginally
resolved modes
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Strategy:

scale-dependent IMP-SupI-Blended scheme via multi grid



Scale-dependent time integration

64 ∗ see, e.g., Reich et al. (2007)

Implicit mid-point rule for linear acoustics

un+1 − un
∆t

+
∂

∂x
pn+1

2 = 0 ,
pn+1 − pn

∆t
+ c2 ∂

∂x
un+1

2 = 0

with

Xn+1
2 =

1

2

(
Xn+1 + Xn

)
or Xn+1 = 2Xn+1

2 −Xn

Implicit problem for half-time fluxes

un+1
2 = un − ∆t

2

∂

∂x
pn+1

2 , pn+1
2 = pn − c2∆t

2

∂

∂x
un+1

2

Eliminate un+1
2

(
1− c2∆t2

4

∂2

∂x2

)
pn+1

2 = pn − c2∆t

2

∂

∂x
un



Scale-dependent time integration

65 ∗ see, e.g., Reich et al. (2007)

Implicit mid-point rule ⇒ super-implicit

un+1
2 = un − ∆t

2

∂

∂x
pn+1

2

pn+1
2 = pn − c2∆t

2

∂

∂x
un+1

2 −∆t

2

(
∂p

∂t

)BD,n+1
2

key step:

un+1
2 = un − ∆t

2

∂

∂x
pn+1

2

pn+1
2 = pn − c2∆t

2

∂

∂x
un+1

2 − ∆t

2

(
∂p

∂t

)BD,n+1
2

Pressure “projection” equation

c2∆t

2

∂2

∂x2
pn+1

2 = c2 ∂

∂x
un +

(
∂p

∂t

)BD,n+1
2



Scale-dependent time integration

66 ∗ see, e.g., Reich et al. (2007)

Scale-dependence via multi-grid

p =

J∑

j=1

p(j)

where

p(j) = (1− P ◦R) Rj−1p with
R : MG restriction

P : MG prolongation

scale-dependent blending

un+1
2 = un − ∆t

2

∂

∂x
pn+1

2

∑

j

η(j)p(j)n+1
2 =

∑

j

η(j)p(j)n − c2∆t

2

∂

∂x
un+1

2 −
∑

j

(1− η(j))
∆t

2

(
∂p(j)

∂t

)BD,n+1
2



Scale-dependent time integration

67 t = 0
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Scale-dependent time integration

68 t = 3
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Model Equations – Dispersion Relation and Amplitude
Implicit midpoint rule:
CFL=1
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Model Equations – Dispersion Relation and Amplitude
BDF-2:
CFL=1

0 20 40 60 80 100 120 140
0

20

40

60

80

100

120

140

wave number

fr
e

q
u

e
n

c
y

0 20 40 60 80 100 120 140
0

0.2

0.4

0.6

0.8

1

wave number

a
m

p
lit

u
d

e

CFL=10

0 5 10 15 20 25 30 35
0

5

10

15

20

25

30

35

wave number

fr
e

q
u

e
n

c
y

0 5 10 15 20 25 30 35
0

0.2

0.4

0.6

0.8

1

wave number

a
m

p
lit

u
d

e

S. Vater & R. Klein (FU Berlin) Scale Dependent Discretizations PAKT Wolken Treffen 11 / 29



Dispersion Relation and Amplitude

CFL=10
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Blended Scheme
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Limit regimes in atmospheric flows

Sound-proof limits

Semi-implicit scheme for compressible flows

Scale-dependent time integration

Extensions: Moisture & general Eqs. of State



Moist pseudo-incompressible model

74 ∗ O’Neill, K., Atmos. Res., accepted, (2013); see also: Almgren et al. , Astrophys. J., 684, 449–470, (2008)

Bryan’s moist bubble test case

min=-1.350   max=1.859   c.i.=0.5
min=-6.618   max=10.620   c.i.=2

Run with straight pseudo-incompressible model∗

Thermodynamically consistent version is work in progress
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Conclusions
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