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Abstract
The influence of the tropics on the stationary wave motion of middle and
high latitudes is examined using idealized model calculations and a
preliminary forecast -experiment. A steady, linear, primitive equation
model is used to illustrate the sensitivity of extratropically-forced wave
motion to tropical boundary conditions, and also to examine the
extratropical response -to tropical forcing. - In the latter case an isolated
tropicalvregion of diabatic heating may excite a wavetrain with a
substantial poleward direction of propagation. The sensitivity of this
response is illustrated. Specifying the tropical forcing by means of a

relaxation towards climatology results in a large extratropical response. -

Barotropic experiments are performed in which an isolated tropical forcing
is superimposed on a constant forcing which maintains a climatological
basic flow with zonal variation. In these cases a large responée is found
in the North Pacific region, particularly when the forcing is located to
the south of the region of strongest flow. WNonlinearity amplifies or damps
this response depending on the sign of the forcing. Maintenance of a
region of tropical westerly wind of limited zonal extent results in a

substantial cross-eguatorial propagatioﬁ.

The forecast experiment involves comparison of a control forecast with a
forecast in which the atmosphere in the tropics is set equal to or relaxed
towards analyzed states. The largest high-latitude impact is found for the
larger scales of motion in the winter hemisphere, in broad agreement with

the results from simpler models.



1. INTRODUCTION

Some of the evidence that the tropics can exert a marked influence on
stationary wave motion in middle and high latitudes will be discussed in
this report, which comprises a detailed account of material presented at -
the 1981 ECMWF workshop on 'Tropical Meteorology and its Effects on Medium
Range: Weather Prediction at Middle Latitudes'. The immediate motivation
for this study is a major systematic error of the ECMWF forecast model
(and, moreover, of other forecast models), namely a tendency to weaken the
major standing-wave pattern in the middle and upper troposphere
(Hollingsworth et al, 1980). This error becomes evident, in the mean,
before the limit of useful predictability has been reached, and
determination of its origin is thus clearly of importance. More generally,
interest in the subject of the impact of the tropics on middle latitudes
has been stimulated by a growing body of evidence that regions of anomalous
heating of the tropical atmosphere, associated with sea-surfacce
temperature anomalies, may influence the extratropical standing wave, and

thus the seasonal climate.

Attention in this paper will be concentrated largely on results from
theoretical and idealized models. The first of two such models examined in
detail computes the steady linear primitive-equation response to a steady
forcing. Following a brief illustration of the sensitivity to tropical
boundary conditions of the extratropical standing wave forced in middle and
high latitudes, the model is used to demonstrate the extratropical response
to tropical forcing. For an isolated diabatic heating, results obtained
(using generally lower model resolution) by a number of authors are
reproduced (Egger, 1977; Opsteegh and Van den Dool, 1980; Hoskins and

Karoly, 1981; Webster 1981). In addition, a calculation is presented in



which the forcing is given not by an explicit heating, but rather by a
relaxation of the steady tropical wave motion towards its climatological

distribution.

The second idealized model is a time—dependenf, non-linear barotrbpic
vorticity equation model, and forcing ié provided by an isolated, steady
source of vorticity. Linear results for an extratropical forcing, and a
related theoretical examination of wave propagation in a slowly=-varying
medium, are included in the paper by Hoskins and Karoly (1981). These
results are extended here to ‘include the response to an isolated tropical
forcing for a basic climatological circulation which varies zonally. It is
found that the zonal asymmetry of the basic state results in an enhanced
perturbation over the North-East Pacific, an especially large response
being found when the forcing is located to the south of the strong Western

Pacific jet.

It is important to stress that there is substantial observational evidence,
both from case studies (e.g. Bjerknes, 1966, 1969) and from objective
studies of many winters (e.g. Horel and Wallace, 1981; Wallace and
Gutzler, 1981), and also some evidence from general circulation models
(Rowntree 1972, 1976; Julian and Chervin, 1978) which, together with the
theoretical and idealized model studies, leads to a reasonably coherent
picture of tropical influence on stationary wave motion in middle and high
latitudes. This work will not be reviewed here, but towards the end of
this paper we will include some results from the first of a series of
forecast experiments aimed at quantifying the tropical influence in the
context of medium range prediction. In this experiment a standard forecast
for the extratropics using the complete global ECMWF model is compared with
a forecast in which the model is forced to reproduce uninitialized

objective analyses within the tropical belt.



2., THEORETICAL PRELIMINARIES

Many of the model results to be presented in subsequent sections may be
explained, at least gualitatively, by the theory of Rossby-wave
propagation, and it is thus appropriate 'to begin with a short account of

this theory.

The classical study in this field is that by Charney and Drazin (1961).
Although concerned with the vertical propagation.of planetary-scale

disturbances from the troposphere into the stratosphere and mesosphere,
their analysis may also be applied to ‘latitudinal propagation (Charney,
1969). Consider barotropic motion on a latitudinally unbounded B-plane

with x and y as eastward and northward coordinates. A steady plane wave

. i (kx+
perturbation of the: form el( x ﬂy)~to a uniform zonal flow U satisfies the .
relation
B - UKEHZ) =0 ' (1)

If the motion is forced at some fixed latitude with zonal wavenumber k, the
meridional wavenumber of the disturbance is given by £2 = B/U-k* . The
meridional wavenumber £ is real, corresponding to wavevpropagatign away
from the source, if B/U > k* , that is for westerly winds and zonal
wavenumbers lesé than a certain value. For easterly winds, or short zonal
wavelengths £ is imaginary, and waves are 'trapped', the wave amplitude

decaying exponentially away from the source region.

A feature of the primitive-equation solutions discussed in this paper is
their approximately barotropic nature in the-middle and upper troposphere
at latitudes distant from the sdurce region. The likely reason for this

may be demonstrated in a simple extension of the above model. We assume



now quasi-geostrophic flow between two rigid horizontal surfaces at z = 0
and z = H, where z is height, and again consider the case of uniform zonal

flow.

Away from a source region the boundary conditions of vanishing vertical
velocity at z = 0 and z = H imply aW/3z =0 at z = 0, H, where P is the

perturbation stream function. 1In this case we.find a wave solution of the

form
i(kx+ly) _=z/2H 1 , .
e e {cosmz - S~ Sin mz} (2)
s
with
2 2 .2
R fm (3)
aN? g2 N
s
and
(1 + —1 ) gingg = 0 (4)
4m2H;

where f is the Coriolis parameter, N the Brunt-Vaisili frequency and Hs the
density scale height.

Equation (4) has solutionm = ii/2Hs andm = %} , M an integer. The
first solution is identical to the barotropic solution discussed
previously, while the other solutions are associated with real m.
Inspection of (3) shows these solutiéns to be associated with a more
stringent criterion for latitudinal propagation. Thus far from a source

the barotropic component is likely to dominate.



Extension of the above:ideas to a vertically-unbounded domain is not
straightforward since the»wave solution cannot satisfy both the lower
boundary condition of either vanishing vertical velocity and the upper
boundary condition of either vanishing wave motion or an upward directed
energy flux. - In particular, inability to satisfy the lower boundary

condition rules out a mode with a structure e—mz el(kX+&w

which for large
enough real m would otherwise yield a latitudinally propagating wave

regardless of the direction of the zonal flow.

. The assumption of a uniform zonal flow used above for analytical ease is
clearly inappropriate for propagating disturbances which extend over a
substantial latitudinal range. However, Hoskins and Karoly (1981) have
shown that considerable insight into the behaviour of model solutions for
latitudinally varying flows may be gained by assuming that the meridional
scale of the forced wave varies slowly with latitude. For barotropic

motion, the local meridiomnal wavenumber, £(y), then satisfies the relation

P2 o= —— - %2 : . ‘ (5)

where U is.now the local zonal-mean velocity, andg_*is given by

d&u

dy

for a mid latitude g-plane

or

29 3a - d 1 a : :
— cos®0 - cosb — { -
a dy ot 3 (UcosB) ) (N




for spherical geometry, where £ is the earth's rotation rate, a its radius,
and 9 is the latitude. The coordinates x and y in this case are derived

from a Mercator projection of the sphere

x=a\, y= éﬁn{(1¥sin9)/cose}

where A is the longitude.

From (5) it is seen that propagation occurs over a range of latitudes for
which B,/U > k?. Hoskins and Karcly further show, using both standard WKB
. theory and the éondept o6f conservation of wave action, that the appropriate

form for y 'is

| y |
Voo 22 exp . i{ kx + f Lay? - S : S (8)

The Ve factor represents a variation of wave amplitude:as the wave
propagates, énd in'pafticular, if the wave is'excited in a region of large
£, its amplitude will increase as it propagates into a region of smaller
£. The remote response can thus exceed that near the forcing region,
although in mbre‘rééiistic models'dissipation may limit the amplitude of

this distant response.

Two further points are worthy of note. The first concerns the nature of the
wave motion near a latitude where propagation is limited by a small value
of B*,'which in séveral subsequent examples occurs on the poleward flanks
of mid~latitude jets. In such regions the WKB solution breaks down, but
Hoskins and Karoly show the incident‘wave to be reflected in this case (see
also Geisler and Dickinson, 1974, Lindzen andITung, 1978). A clear example

of this is given subsequently, in Fig. 7.



The second point concerns, the.singular nature of the steady, linear problem
for non-dissipative motion when the zonal-méan flow vanishes at one or more
latitudes. In linear, steady-state models aimed principally at studying
the forced-wave motion away from singular lines this problem has usually
been overcome by inclusion of some form of dissipation which acts mostly in
the vicinity of the singular line. Although such models have achieved some
success in reproducing gross features of the tropospheric (e.g. Grose and
Hoskins, 1979; Fig. 2 of this paper) and stratospheric (e.g. Matsuno,
1970; Simmons, 1978) standing wave structure, results must be viewed: with

, caution in view of a number of non-linear barotropic studies which indicate
that non-linear modification of the flow near the zero-wind line may cause
significant wave reflection rather than the absorption found in dissipative
models. in.the quagi-linear model examined by Geisler and Dickinson
(1974), the forced wave modified the zonal-mean flow to produce a region of
negative absolute vorticity gradient, B -ad*u/dy*. which, as noted above,
acts to reflect the incident wave. More complete non-linear models (e.g.
Stewartson, 1978) confirm this picture, although the non-linear reflection
may be weakened by instabilities of the ¢ritical layer and by particularly
rapid zonal-mean flow changes (Dunkerton et al, 1981). . We return to this

subject briefly in Section 4.



3. MODELS

In this Section we describe the models used for this: study.

a) The linear, steady-state primitive—equation model.

Forced, Steady—wave‘solutions of the linearized primiﬁive equations are
determined using sigma-coordinates and a spherjical geometry, with the same
vertical and meridional finite-difference schemes as in the operational
ECMWF model (Burridge and Haseler, 1977). A technique dévised'by Lindzén

and Kuo (1969) is used. Details are giVen in an Appendix to this paper.

Dissipation is included in the model by means of Newtonian: damping and
Rayleigh friction with'spatially?varyingfdecayvrates. It is chosen to
represent a boundary—léyer‘drag,'a general radiative dampin§, and an
enhanced dissipation in the vicinity of singul&r lines. The boundary-layer
drag correspohds to a decay rate of (2:5/(50=4) day), 1 > g > 0.8, thle:the
temperéture field is damped at a decay rate which-takes the value (25
days).-1 below 200 mb and increases linearly with the logarithm of pressure
to reach a value of (5 d.slys).-1 at 1 mb. - 8ingular-line disSipation is
included by increasing the ébo§e~rates to (2(3)5059)2 day)—1, where 1 is
the zonal mean flow in‘ms—1, wherever they fall below this value. Since
the total wavenﬁmber} according to linear barotropic theory, varies
approximately as the inverse square root of T, this latter diésipation is
likely to be appioximately equivalent to a fourth-order linearidiffusion
with constant coefficient, as used, for éxample,lin'Hoskihs énd Karoly's

(1981) study.

A weakness of this model is the absence of any parameterization of the
effect of transient disturbances on thé forced wave motion. The extent to

which such disturbances mayAalso act to dissipate larger scales is

unclear. Lau (1979) demonstrated a strong tendency for the heat transports



by transient eddies to destroy the zonally asymmetric component of the
stationary temperature field, but conversely, Lau and Wallace (1979)
indicated that the transient eddies may act as a forcing of the
time~averaged asymmetries of vorticity. It is likely, however, that the
lack of any representation of transient effects is responsible for the
relatively weak surface features found (but not illustrated here) with this

model.

A1l calculations to be presented use the same vertical and meridional
., resolution as in the operational version of the ECMWF model. They are thus
of global extent with a latitudinal grid spacing of 1.875°, Fifteen levels
are used in the vertical, with a top-level at ¢ = .025, Tests with
substantially higher top levels gave very similar results, although they
should be treated with caution as all calculations appeared to
underestimate vertical propagation compared'with climatology. The zonal
resolution comprises wavenumbers up to six, since limited tests showed no

significant differences to result from inclusion of higher wavenumbers.

Zonal-mean states for use in this model were obtained by interpolating
zonally-varying pressure—level climatologies (originally made available by
the National Center for Atmospheric Research, USA) to the model sigma
levels, assuming no orography. Zonal means were then taken on the sigma
surfaces. The resulting surface flows were found, in middle latitudes, tg
be som¢~two thirds the strength of corresponding flows computed from a

sigma-coordinate climatology with the full earth orography.

b) The barotropic model.
This model uses a spectral representation and is a barotropic version of
the multi-level model described by Hoskins and Simmons (1975). For these

calculations a global version, with triangular truncation of the spectral‘
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expansion at total .wavenumber 42 and a timestep of 30 min, was used.
Repetition of a sample calculation using a wavenumber 21 truncation gave
very similar results, apart from slightly reduced amplitude maxima. A
linear drag with a decay rate of (14 dalys)_1 and a fourth order linear
. . . . 16 _4 -1 . .
diffusion with a coefficient of 2 x 10 ms were included. Comparison
with a calculation in which these dissipations were set to zero showed

similar qualitative results, but ‘amplitudes were some 70% larger at day 10

in the undamped case, -

. Spectral climatological vorticity fields for use as initial conditions for
this model were derived by applying a modified form of the ECMWF
operational post-processing to sigma CO;brdinéte, grid-point

climatologies.

c) The‘forecast'model.

The forecast expe;iments used the operational ECMWF model (Burridge and
Haseler, 1977; Tiedtke et al, 1979). The first experiment was a standard
forecast from thé FGGE III-b initialized analysis for 12 GMT; 11 June
1979.  The second experiment was identical to the first apart from the. fact
that, -at latitudes between 30°N and 30°S, each forecast quantity, x say,
was modified at the ‘end of each‘timéstep according to the formula x =

(1 - a) where x

ax A x .
analysis forecast analysis

represents the value of x derived by linear interpolation using
uninitialized FGGE analyses available at 6-hourly intervals, and x_ -
= Al forecast
represents the forecast value. Uninitialized values were chosen in view of
the suppression of ﬁropical divergences .caused by the initialization
technique employed in the production of the analyses. The value of a

varied with latitude approximately according to the formula

L(1 + tanh 20(6% - 8))

11



where § is the latitude in radians and @, = 25.3125¢/180, giving values a

3
= .123 at model latitude 28.125° and a = .658 at latitude 26.25°.

4. TROPICAL INFLUENCES ON THE EXTRATROPICAL
RESPONSE TO EXTRATROPICAL FORCING ‘

Our first example of the way the tropics can affect the extratropical
standing wave pattern concerns the influence of the tropics on the response
to steady orographic and thermal forcing in middle latitudes. .
Specifically, we compare two linear, steady-state solutions which have the

., same extratropical forcing, but a different treatment of ‘the tropics.

The zonal mean state for these calculations is that based on the ..
climatology for January. An idealized thermal forcing which decreases with
height as g% and whose surface distribution is shown in Fig. 1 is used.

The orographic forcing uses the distribution of orography currently used
operationally at ECMWF, but amplitudes are multiplied by a factor 1.5,

This enhancement was chosen principally to ensure an extratropical response
of realistic magnitude, although it may be justified qualitatively by
noting that the orographic forcing is likely to be underestimated in linear
calculations such as. these since vertical motion is forced by the impact of

a relatively weak sea~level zonal flow on the mountain slopes.

150%W  120°W 90"H 60°H 30°H 0°E 30°E S0°E 90°E  120°E  1S0°E

o

- & BG°N

BO"N

30°N

30°N

. ) =Y < . A - i e

150°%  120° 90°W BOW 30°W 0°E 30°E 60°E 90°E  120°E © 1S0°E
Fig. 1 An idealized distribution of diabatic heating. The contour
interval is 19C/day.
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The first of the two solutions was obtained using the standard model
described in the preceding section. In this case a dissipative critical
latitude where the zonal—meanlflow vanishes exists at all levels in the
tropics. In the second solution, the motioﬁ was confined north of model
latitude 14.0625°N where the reflecting boundary condition v=0 was

applied. At this latitude.the zonal-mean wind is westerly between about
600 and 50 mb. Since the first solutibn is changed little by removing the
orographic forcing south of 15°N, tﬂe difference between these solutions
illustrates the sensitivity of results to the representation of the tropics

. as a boundary condition on the wave motion forced in middle latitudes.

Geopotential fields at 500 mb are compared in Fig. 2. Also shown, for
reference, is the climatological field for January. It is clear that while
both model solutions provide a reasonable representation of climatology,
there are, nevertheless, quite iarge differences between them. Not
surprisingly, wave amplitudes are generally larger in the case of the
reflectiﬂg bdunddfy condition, and the flow patterns resemble those of
blocking‘situations; as has been suggested by Tung (1979) and Tung and

Lindzen (1979) in the case of a reflecting critical latitude.

The linear, steady-state modei does not yield a representation of
climatology sufficiently accurate to favour one or other of the solutions
discussed abévé, particularly in view of the rather arbitrary enhancement -
of the height of the orography noted earlier. These solutions do, however,
suggest that for_accurate numerical simulation of the extratropicél
standing wave battern it is importanf to represent the effects of the
tropical critical latitude. The accuracy with which such effects are
currently treated in numerical models is far from clear, partly because of
the theoretical uncertainty concerning the precise nature of these effects,
and partly because of the many other interacting sources of error in

numerical models.
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150°W 180°E 150°E
GEOPQTS 500 MB ¢

30" 0E 30'E

150K . 180" 1S0°E 150°H 180°E 150°E
_GEOPOT. 500 M8 T, : " = 4

120 ..

Global model ‘ v =0 at 14°N

Fig. 2 The climatological mean 500 mb geopotential for January (upper) and for
calculations using a global model (lower left) and a model with a
reflecting boundary condition at the model latitude close to 14°N
(lower right). The contour interval is 8 dam.
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5. THE EXTRATROPICAL RESPONSE TO AN ISOLATED
REGION "'OF DIABATIC HEATING

For these calculations we again use the linear, steady-state model, but we

now consider the case in which the only forcing is provided by an isolated
region of heating located within the tropical atmosphere. Reference has

been made in the introduction to a number of similar previous studies and

the discussion presented here should be regarded in part as reviewing the
results of these studies, although the present results are novel in that
they use a substantially highér computational resolution. This type of

. calculation has usﬁally‘been performed in order to assess the influence of
tropical sea surfacce témperature anomalies on middle latitudes, but it is
of equal relevance to the question of the extent to which the
climatological extratropical standing wave pattern may be forced by
geographical variation in the time-mean level of convective activity in the

tropics.

The horizontal variation of the diabatic heating, Q, is given by the

zonally non-uniform part of the function

W(S—Sl) . n(A—Al)
sin : 6=8) sin - ’ Ai < A< 12, 61 <. B < 92,
2 (Ay=2,)

0 otherwise

This is illustrated in Fig. 3 for the values 11 = 90°, A2 = 180°, 61 = 0°,

92 = 30°, which are used as standard unless otherwise stated. bAlthough the
absolute value of the longitudes is 6f no significance in these
calculations involving a zonal-mean basic state and no orographic forecing,
all maps will be presented for the forcing centred at 135°E and will

include a representation of the coastlines in order to give some idea of

the spatial scale of the response.
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150°H - 180°E 150°E

120° |-

90°H

60°H

30°H 0°E 30°E

Fig. 3 The horizontal distribution of diabatic heating
given analytically by Eqn. (9) with a maximum
value of 5 units.
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Results have been obtained for a number of vertical distributions of Q,
some of which are shown in Fig. 4. That used for most calculations has a
maximum at 400 mb, and iS‘showg in FPig. 4a. It should be noted that since
the calculations are linear the amplitude of tﬁe response ‘is simply
linearly proportional to the amplitude of the heating. The results
presented sibsequently are all for a relatively large heating maximum of

5°c/day.

a)

200 F

400

P (mb)

600

800 B

1000 L L .
0

°C/day °C/day

Fig. 4 Vertical distributions of diabatic heating.
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The perturbation geopotential field at various levels is shown in Fig. 5
for the January climatological zonal-mean state and for the standard
forcing shown in Figs. 3 and 4a. The isolated region of tropical heating
evidently excites, in this(case, a substantial extratropical response which
appears as a train of waves with a substantial poleward as well as zonal
direction of propagation. - The barotropic nature of the extratropical
response is also evident, the wave pattern being largely indépendent of
height apart from an intensification of the Aleutian anticyclone at

stratospheric levels.

Tt is of interest to compare the results shown in Fig. 5 with those
presented in Fig. 6 for a heating with a similar horizontal Variétion but
centred at 45°N. TIn this case the heating maximum is at 700 mb, a more
realistic value for middle latitudes, but the gualitative nature of the
solution iS~insensitive to this choice, and the heating distribution itself

is not illustrated.

The response to the middle-latitude forcing is generally of smaller
amplitudevthan that to the forcing centred at 15°N. In the vicinity of the
heating region the response is evidently baroclinic in character, a
pronounced westwafd phase tilt with height being associated with the low
pressure centre which at 700 mb is located at 150°E. Elsewhere, however,
the vertical variation of the forced wave is small, as is clearly seen in

the low centred to the north of the American continent.
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ey

Fig. 5 The response to heating centred at~15°N, 135°E. The perturbation
geopotential is shown at 700 mb (lower left), 500 mb (upper left),

300 mb (lower right) and 100 mb (upper right). The contour interval is
4 dam.
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Fig. 6 As Fig. 5, but for a heating centred at. 45°N.
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The extratropical response to the tropical forcing is found to be highly
sensitive to the zonal~-mean state. This ié illustrated by Fig. 7. For the
July climatological state the forciﬁg centred at f5°N is located almost
entirely within a region of easterly flow, and a very small response is
found at middle and high latitudes. Less seasonal variability occurs in
the Southern Hemisphere response to a forcing centred at'15°S, and there is
also in these cases an inhibition of the cross—-polar propagation evident
for the Northefn Hemisphere. Instead, there is a clear zonal and then

equatorward direction of propagation of the wave train.

The latter result may be readily understood in terms of the ray theory
developed by Hoskins and Karoly (1981). The zonal-mean jet in the southérn
hemisphere possesses stronger meridional vorticity gradients than the
northern hemisphere jet, and even for the climatological mean state the
poleward gradient of absolute vortiéity becpmes negati&e on the poleward
flank of the jet. As discussed in Sect. 2, propagating disturbances of
Yall'zonal scales may thus be expected to be reflécted away from this
latitude in agreement with the picture shown in the lower half of Fig. 7.
It should also be noted that since climatological vorticity gradients are
inevitably smaller than day to day values it is likely that similar results

may commonly hold for actual propagation in the northern hemisphere.

The amplitude and pattern of the forced wave motion is also sensitive to
the latitude of the maximum forcing. The weaker response to a middle-
latitude forcing has already been noted, while Fig. 8‘shows that for the
January mean state amplitudes are some 50% weaker for forcing at 5°N and
25°N than for the 15°N forcing discussed earlier. Substantial differences
in phase are also evident. The region of equatorial easterlies ensures a

negligible northern hemisphere response for a forcing centred at 15°S.

121



15°N forcihg

January climate July climate

Fig. 7 The 500 mb response for the Northern Hemisphere (upper, heating centred
at 15°N) and the Southern Hemisphere (lower, heating centred at 15°S).
Results are presented for January (left) and July (right) climatological
mean flows.

22



15°N forcing | | 25°N forcing
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5°N forcing  15° forcing
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pr—— n e ———— m——
GEOFOT.__ 500 1B ] : GEGPOT. 500 WD T 7 N

Fig. 8 500 mb height perturbations for heatings centred at 135°E and various
latitudes. . i



Two factors account for the reduction in amplitude as the latitude of the
tropical forcing decreases.. The first is that an increasing amount of the
forcing~re§ion lies in the region of easterly wind which acts to trap
statioﬁary disturbances. The‘second is associated with the nature of the
forcing of fhe wave motion. Locally, the fropical diabatic heating is
largély balanced by veftidal motion, as indicated by a standard scale
analysis (see, for examplé, Holton 1979). The associated vorticity
generation decreases with the Coriolis parameter as the latitude of maximum

heating is moved towards the equator.

Other sensitivity studies have been performed. Fig. 9 compares results for
the 15°N forcing and the four different vertical profiles of heating
illustrated in Figs. 4a) and b). Little sensitivity to variations in the
height of the heating maximum from 300 to 500 mb is revealed. Similar

results are found for distributions of heating centred at 57 and 25°N.

This insensitivity to the detailed vertical structure of the heating is
consistent with the equivalent barotropic structure of the forced wave
motion. Given that the perturbation stream function may be approximated by

the form

P = A(z) 9(x,y) : (10)

. 2 o] Q
the forcing term-g—AjL o
Py 9z N2

equation may be split into a term proportional to A(z) and a remainder

) in the guasi-geostrophic potential vorticity

orthogonal to A(z). The relevant coﬁponent proportional to A(z) depends on

Q through an integral
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GEQPQTs

150 180°E 150 150°H 180°E 1S{E

1200 | &

500 M8

GEQPQT.

150K 1B0"E 156°E 150°H . 180'E 150°E

GEQPQT. 500 Mg rm— N Wi
P i |

The 500 mb response to the vertical distributions of heating shown in
Fig. 4. The upper plots are.for the two heatings represented by solid
lines, with maxima at 300 mb (left) and 400 mb (right), while the
lower plots are for the heating maximum at 500 mb (left) and the
second profile with a 300 mb maximum (right).

25



which, if Q vanishes at z=0 and as z -~ = may be written

- prog 2
N? Bz
O

1l

C—— A(z))dsz

s

The effective forcing thus depends omn a weighted vertical integral of the

heating, and may be insensitive to its detailed vertical structure.

Consequences of varying the horizontal distribution of heating are
illustrated in Figs. 10 and 11. Fig. 10 shows results to be highly
insensitive to reducing or increasing by 50% the meridional scale of the
forcing region, while, conversely, Fig. 11 shows the amplitude of the
poiar response to be approximately linearly proportional to the zonal
extent of the forcing. The latter result may be easily understood since
the solution in the polar region is dominated by zonal wavenumber one, and
is thus approximately proportional, in this linear calculation, to the
zonal Wavenumbef one component of the tropical heating, which increases as
the zonal scale of the heating increases. The former result arises partly
because of a tendency, in the case of a forcing of larger latitudinal
extent, for cancellation between the components of the solution forced by
the heating near the northern and southern boundaries of the forcing
region. This may be seen by referring back to Fig. 8, which shows the high
latitude response to forcings centred at 5° and 25°N to be of similar

amplitude, but almost completely out of phase.
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Fig. 10 As Fig. 5 for the 500 mb level, but for heating distributions with a
meridional scale 50% smaller (left) and 50% larger (right).
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Fig. 11 As Fig. 5 for the 500 mb level, but for heating dlstrlbutlons w1th a
zonal scale 50% smaller (left) and 50% larger (right).
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6. THE RESPONSE TO CLIMATOLOGICAL
TROPICAL FORCING

The preceding caiculations suggest that tropical heating may be important
in forcing part of the standing wave pattern in middle and high latitudes,
but the use of ideéliéed distributions of heating makes it difficult to
assess the quantitative significance of results. A possible next stage
would have been to usé estimates of actual diabatic heating rates as
forcings, but here we discuss an alternative in which the forcing is given
» by a ?elaxation towards the climatological distribution of stationary
tropical wave motion, which is known more accurately than the corresponding

heating distribution.

The relaxation is included in the linear steady-state model in the
following way. The equations north of latitude 92 are unchanged. South of

latitude g, all fields are set equal to their climatological value, while

1
for ei<e<e2 an additional forcing term X(xi_X) is included for each field
x, where X, represents a climatological value. The relaxation coefficient
X is given by

62—9 2
X = ('eT_—e—} day

-1
giving e-folding times of 9 days for 6 = (362+61)/4,1 day for 6 = (61+92)/2

and 1/9 day for 0 = (62+361)/4,

Results using the January climatologf are shown in Fig. 12 for e1=10° and
62=30°. Comparisons with the climatology itself (shown in Fig. 13) shows
the_tropical forcing ﬁo excite a middle and high latitude response which is
of an amplitude comparable to that of the climatological standing wave.

The tropical forcing evidently (and not surprisingly) does not account for
all features, in particular the East Asian/West Pacific trough, but some

aspects of the solution are in remarkable agreement with climatology,
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Fig. 12 The extratropical response forced by a relaxation towards the January
tropical climatology. Perturbation geopotentials are plotted with a
contour interval of 4 dam at 700 mb (lower left), 500 mb (upper left)
and 300 mb (lower right). The total 500 mb field (contour interval 8
dam) is also shown. : .
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Fig. 13 As Fig. 12, but for the January climatology itself,

30



notably the North American trough. The absence of any substantial phase
tilts in the vertical between 700 and 300 mb is a feature of the

climatological pattern which is aléo worth noting.

It is'impbrtant to stress that these model results must be treated with
caution. Reducing the width of the relaxation zone by setting ei=17_5°
and %2'= 22;5° gives a response with a Qery similar pattern to that shown
in Fig. .12, buf amplitudes are generally some 40% larger. - The solution
for §, = 5° and 6, = 25° (Fig. 14) is generally similar, but somewhat

. poorer in itsvrepresentation of the North Bmerican trough. - Uncertainties
over the level of Aissipation and parameterization of transient wave
effects also‘make quantitative assessment difficult, but we may
nevertheless conclude that it is likely that a realistic representation of
the effects of tropical forcing is required in forecast and general
circulation models for accurate simulation of the extratropical standing

wave pattern. A more definite conclusion must await further studies.

7. EFFECTS OF TRANSIENCE, ZONALLY NON-UNIFORM
BASIC FLOWS AND NON-LINEARITY

7.1 Introduction

The barotropic model described in Sect. 3b is used for this particular
aspect of our study. Initial conditions (illustrated in Fig. 15 for the
300 mb level in January) comprise either a zonal mean or a zonally—-varying
climatological basicvflow, and in the latter case a constant vorticity
forcing is included to keep the basic flow constant in time. BAn additional
vorticity forcing is initiated over én isolated tropical region at t = 0.
The former forcing is viewed as representing the climatological forcing of
the standing wave pattern by orographic and thermal effects and by
interactions with transient disturbances. The additional isolated forcing

is viewed as the effect of a region of anomalous tropical heating.
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Fig. 14 The 500 mb height fields forced by relaxations to tropical .
climatology centred at 20°N (left) and 15°N (right).

Fig. 15 Zonal-mean (left) and total (right) 300 mb stream functions for the
January climatology.
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The isolated forcing is specified by a term -~ £D, where f is the Coriolis
parameter. The 'divergence' D has the spatial distribution given by the
zonally non-uniform part of Eqn. (9) and a maximum value of 2 x 10-6 s-1.
This is half the maximum value used by Hoskins and Karoly (1981) and, as

noted by these authors, it corresponds approximately to the value

associated with a.tfopical rainfall maximum of 5 mm/day.

7.2 Zonally uniform basic flows

Perturbation fields at days 5 and 10 are shown in Fig. 16 for a forcing

: centred at 15°N, 135°E and the 300 mb January zonal-mean flow. In
agreement with a similar calculation presented by Hoskins and Karoly the
forcing excites a train of waves which by day 10 bears a clear similarity
to results obtained using the steady primitive equation model. Results in
Fig. 16 are presented not only for the stream function but also for the
corresponding geopotential obtained from the linear balance equation. In
subsequent plots of the stream fupction it should be borne in mind that the
contour value corresponds approximately to a 4 dam contour interval in
height in polar regions. It should also be noted that althdugh non linear
calculations are presented, amplitudes are, except where stated,
sufficiently small for non linear effects to be weak. The response to a
larger forcing may thus be deduced simply by an appropriate increase in the

amplitude of the solution illustrated.

The sensitivity of the response to the latitude of maximum forcing is
illustrated in Fig. 17, again for the zonal mean basic state. Although the
solutions for forcing maxima at 5°N énd 5°S exhibit smaller amplitudes than
for forcing maximum at 15°N, as found previously, the Northern Hemisphere
response at day 10 to a forcing centred at 15°S is larger than suggested by
the earlier steady calculation. A similar enhancement of cross-equatorial

propagation due to transient effects has been noted in the case of

33



Day 5

g centred at
ionalized by a

rcin
is non-dimens

The contour interval for the height field (r

response at days 5 and 10 to a fo
The stream function (left)

ropic

16 Thg barot
15N,

Fig.

135°E,

ight)

aZ

factor 10*

is 4 dam,

34



15°N forcing 5°N forcing

Fig. 17 The stream-function response to forcings centred at 135°E and
various latitudes for a zonally-uniform flow.
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mid-latitude forcing by Hoskins et al (1977).

An enhanced cross-equatorial propagation associated with temporal
variation; in the amplitude of a stationary forcing may be illustrated by
considering the example of the long-term response to a stationary forcing
whose amplitude varies sinusoidally in time.  This forcing may be resolved
into a sum of steady eastward and westward moving componentsg If the
frequency of thé_foicing is sufficiently high the westward component will
be associated with no critical latitude, and a significant cross equatorial

propagation may occur.

7.3 Zonally non-uniform basic flows

Fig. 18 illustrates one of the most interesting results of this study,
namely that a particularly large response can be found in the case of a
zonaily-varying basic flow. This figure compares solutions at days 5 and
10 for the zonal mean and zonally varying January climatological basic
fiow.‘ Althoughkthe solution in the latter case is generally larger than in
the former, the most striking feature is the isolated region of anomalously
large amplitude located in the region of the climatological ridge in the

North East Pacific.

The result shown in Fig. 18 for forcing centred at 135°E is atypical in
that.forcings at other longitudes do not excite as large a response, but
Fig. 19 shows that for forcings centred at three other longitudes 90° apart
the maximum amplitude occurs close to the same region of the Pacific. The
forcing centred at 80°W, for which fesults are also shown in ¥Fig. 19, lies
south of the North American jet maximum, and in this case the largest
response occurs over the Atlantic to the west of Europe, although it is
still not as large as in the corresponding Pacific case shown in Fig. 18.

Generally similar results are found for forcings centred at 15°N although,

as in earlier examples, amplitudes are generally larger than found for the
5°N forcings.
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Fig. 18 The response at days 5 and iO to a forcing centred at SON, 135°E for
a zonally-uniform climatological basic flow (left) and for the
corresponding zonally-varying flow (right).
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Fig. 19 The response at day 10 to forcings centred at 5°N and various longitudes
for the zonally-varying basic’ flow.

38



7.4 The mechanism of the large—amplitude
response

The mechanism whereby a large amplitude disturbance develops in the North
East Pacific region can be seen by examination of the vorticity budget. We
write the absolute vorticity, r , and the velocity components, u and v, as
sums of basic flow (climatological mean) values, Cm' LA AV and
perturbation values ', u', v'. Por small perturbation amplitudes the

tendency of ' is given (outside the forcing region and neglecting

" dissipation) by

st monzt vt Pm o w P Tmogpe 11
3t acosf 3 a ab acos0 3 a 98

The last two terms on the right-hand side are zero in the case of a zonally-
uniform basic flow. The first two terms represent, respectively, the advection

of perturbation vorticity by the basic zonal flow, and the advection of the

absolute vorticity associated with the basic state by the perturbation meridional

velocity.

The terms in (11) have been evaluated at day 5 for the cases shown in

Fig. 18. A high degree of cancellation makes the interpretation of contour
maps difficult to present, and results are thus illustrated for just one
latitude, close to 40°N. Here the vorticity tendency is dominated for the
non-uniform basic flow by the first two terms on the right-hand side of
(11), and these terms are shown in the upper plot of Fig. 20, together with
the ne£ tendency due to all four terms. Corresponding plots {(on a
different'scale) for fhe zonally—uniform basic flow are also shown. For
the non—ﬁniform case the magnitudes of the last two terms on the right—hana
side are individually of the order‘of the residual of the first two terms,

but these last two terms also largely cancel.
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Fig. 20 The variation with longitude at latitude 39.4°N of various terms of
relevance to the vorticity budget for the cases shown at day 5 in Fig. 18.
The upper two plots show the net vorticity tendency (dotted) for the
zonally-varying basic flow (upper) and for the zonal-mean basic flow, plus
the contributions to this tendency from the advection of perturbation
vorticity by the zonal component of the basic flow (solid lines) and from
the advection of the absolute vorticity of the basic state by the pertur-
bation meridional velocity (dashed lines). The bottom plot shows the basic
zonal velocity and the meridional gradient of absolute vorticity of the
basic state for the non-uniform case. Corresponding zonal mean values are
29 ms-1 and 2.2 x 10-11 p-1g-1,
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Fig. 20 shows that the net negative vorticity tendency, which is such as to
reinforce the lécal énticyclonic maximum near 160°W, arises as a result of
advection of basic §or£icity by the perturbation being slightly the larger
upstream of the disturbance‘maximum and advection of perturbation vorticity
by the basic zonal flow bging slightly the larger downstream of the
maximum. The imbalance between the two terms is relatively larger for the
non-uniform basic flow, and may be directly related to the longitudinal
variations of the basic flow and poleward vorticity gradient, which are

illustrated in the lower part of Fig. 20. The vorticity gradient is

1%, 20cose 1 8 | 1 v

3 »
ad  a a? 96 |cos® (BA B 56-(umcose))
and as the basic flow is non divergent this may be approximated in middle

latitudes by

2Qcos 6 v a
a m

if mean flow variations occur on a length scale smaller than the radius of
the earth. The gradient thus depends both on the strength of the basic
zonal flow and on the length scale of its meridional and zonal variation,
and in the region of maximum anticyclonic disturbance (from 160°E to 120 °W)
it varies proportionally more with longitude than does the basic zonal
flow. This, coupled with the large values of the basic zonal flow and
vorticity gradient upstream of the disturbance maximum, leads to the larger
imbalance in the dominant terms on the right-hand side of (11). Thus,
while at day 5 the amplitude of the disturbance in the case of the
non-uniform basic state is about three times larger than that for the
zonal-mean basic state, the vorticityrtendency is about ten times larger in

the region of largest disturbance.
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A generally similar picture holds at other latitudes near or to the south
of the latitude of maximum disturbance. To the north east a region of
negative E;-occurs for the non—uniform basic stéte, and this gives a region
of positive vorticity tendency which cannot be balanced by advection by the
locally weak basic zonal flow. Here, however, this component of the
tendency is more than compensated by a large contribution from the fourth
term in (11), that is by a significant advection of the negative
perturbation vorticity by the locally large northward component of the

basic flow.

The relatively large amplitudes found when the forcing is located

equatorward of regions of particularly strong basic flow may be accounted

for by examination of the initial vorticity budget. Consider, for

simplicity, a zonally~uniform basic state with zonal velocity u and a

forcing F. The linearized perturbation vorticity equation is then
e B.v'

gL' _
3t . acosé 8N~ costg T F ¢ (12)

where B is given by (7).
*

A characteristic of a strong westerly jet-like flow is the presence of
regions of relatively small u and g, near the eguatorward and poleward
limits of the jet. In such regions any local forcing F must initially be
balanced by the tendency j37'/st, implying a relatively large local growth
of the perturbation vorticity. Associated with this vorticity will be a
meridional velocity field, v', of l&rger meridional scale than the
vorticity, and this velocity may generate perturbation vorticity in the
vicinity of the jet maximum through the second term on the right-hand side
of (12). The stronger and narrower the jet, the larger will be B*, and the

larger will be this generation of perturbation vorticity. As time
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progresses this vorticity may disperse, a dispersion facilitated by larger
values of B# to give a large response more distant from the region of

forcihg.

7.5 The nohflinear’résponse

The particularly large éﬁélitude solutions found for forcing centred at
15°N, 135°E may be used tokillustrate the fble;of nonlinearity in modifying
the response. Fig. 21 compares linear and non-linear solutions for this
éase with thoée for the case in ﬁhich the sign of the forcing is reversed.

- In the former case, shown on the left-hand side of Fig. 21, anticyclonic
vorticity develops in the region of large response, and non linearity
marginally increases the amplitude of the response. In the latter case the
linear solution is simply opposite in sign to that obtained in the former
case, but the non linear solution shows the amplitude of the response to be

substantially reduced.

The role of ﬁon 1in¢érity’may(be easily understéod.fln the former case the
anticyclonic response in the North East Pacific reinforces the
climatoloéical ridge, which has been shown to be responsible for the
anomalous response;in the first place. A positive feedback occurs, giving'
the strong ridge éhown in the maps of total streamfunction presented in
Fig. 22. Conversely, for cyclonic forcing the cyclonic response tends to

reduce the climatological ridge, and thus damp itself.

7.6 Cross—equatorial propagation

Another important effect of introducing a zonally-varying basic flow is a
marked influence on the degree of cross—equatorial propagation. For the
zonal mean climatology, winds are easterly at the equator. The Northern
Hemisphere response to a forcing at 15°8 has been shown for day 10 in
Fig. 17, and beyond this time its amplitude weakens to give the
particularly small long-term response indicated by the steady-state
calculations.
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Fig. 21 ‘A comparison of linear (uppér) and non-linear (lower) responses to
anticyclonic (left) and cyclonic (right) forcing.
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Fig. 22 The total stream function corresponding to the perturbation fields
shown in the lower half of Fig. 21,

Fig. 23 The Northern Hemisphere resgonse at days 10 (ieft) and 30 (right)
for a forcing centred at 15°7S, 1350W for the zonally-varying basic
flow.
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A quite different result is shown in Fig. 23 for the zonally-varying
January flow and a forcing at 15°S, 135°W. At day 10 the maximum amplitude
of the Northern Hemisphere response differs little from that in the case of
the zonal-mean flow, but beyond this time the amplitude increases, rather
than decays. $hus, by day 30 a much iarger wave amplitude is found,
particularly in the North Pacific region which we have already seen to be a

favourable region for a large—amplitude response.

This result confirms a speculation by Webster (1981) that cross—equatorial
- propagation may occur through regions of westerly flow of limited
longitudinal extent, such as appear in seasonal means. Such westerly flow
occurs over the East Pacific for the 300 mb level used for the calculations
shown in Fig. 23. ﬁepetition of these calculations for a basic flow
modified beéween 20°N and 20°S in order to remove the region of westerly
equatorial wind showed a substantial drop in the Northern Hemisphere

response.

7.7 Other calculations

A number of other calculations have been performed. No significant
differences result from a more gradual initiation of the forcing. A
relatively large North Pacific response to a forcing from the Northern
H;misphere tropics is found for the January 500 mb flow, although this is
weaker than found for the 300 mb flow. The 500 mb flow is easterly at all
equétorial longitudes, and no significant cross-equatorial propagation is
found. The standing wave pattern in the Northern Hemisphere is
substantially weaker in the July cliﬁatology, and no significant
modification of the response obtained for a zonal-mean flow has been found

in this case.
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8. A FORECAST EXPERIMENT INVOLVING RELAXAT ION
TOWARDS ANALYSED TROPICAI FIELDS

As a final topic we present results from the first forecast experiment in a
series intended to guantify our knowledge of the influence of the tropics
on middle latitudes in the context of medium range prediction. Details of

the experiment have already been discussed in Sect. 3c.

The impact of relaxing the forecasts towards analyzed values equatorward of
30° latitude is summarized by the objective verification presented in

Fig. 24. Although the standard area chosen for verification includes part

of the forcing region, the contriﬁution from the latter is small, and most

of the differences shown in Fig. 24 arise due to changes in the forecast

fields in middle and high latitudes.

The standard forcast for this case from June 1979 was characterized in the
tropics by a poor forecast of the onset of the South West Monsoon. Despite
this, the impact of relaxing towards tropical analyses is shown both by
Fig. 24 and by examination of synoptic maps to be small in the Northern
Hemisphere. This is in broad agreement with the results from the simpler
models discussed earlier, which show little extratropical response to

steady tropical forcing for the Northern Hemisphere summer.

A more substantial impact is evident in the Southern (winter) Hemisphere.
This is only partly shown in the objective scoring of the total field
because of a poor forecast of the médium scales of motion in both cases.
For the longer waves, however, Fig. 24 shows a substantial improvement to
result from the tropical relaxation, which prevents the sudden fall in
anomaly correlation which occurs beyond day 6 in the standard forecast.
This is also evident in the 500 mb height maps presented in Fig. 25 for the
day 8 forecast. These show a clear improvement as far south as the 60° -

80° latitude band.
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Fig. 24 Anomaly correlations of the height field averaged from 1000 to
200 mb and from 20°-82.5°N (upper) and 20°-82.5 °s (lower). E19
denotes the standard experiment and E60 the experiment with
tropical relaxation.
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Although Northern Hemisphere maps do not illustrate as marked a sensitivity
to the tropical representation, the difference maps presented in Fig. 26
give a picture of the rate at which differences spread from particular
regions of the subtropics, and grow. These differences can be related to
differences in the amplitude and phase of clearly identifiable features
which exist in both forecasts, and the spatial scale of the differences

spread latitudinally at a rate similar to that of their zonal spreading.

9. CONCLUDING REMARKS

It is difficult to assess quantitative aspects of the siﬁple model results
presented here for a number of reasons; in particular because of the
presence in reality of significant interactions between stanaing and
transient waves and perhaps also because of the lack of any direct
vorticity forcing or dissipation to accompany the imposed diabatic heating
which was chosen to model ﬁhe effect of an area of tropical convection.
However, if results of studies such as this are combined with those of
observational and general circulation model studies a coherent picture is
obtained which shows a marked influence of the tropics on the standing wave
pattern in the middle and high latitudes of at least the winter
hemisphere. This is borne out to some extent by the single forecast
experiment also reported here, but caution must of course be exercised in

drawing conclusions from just one such experiment.

From the idealized model studies it may be seen that it is important tb
simulate accurately the geographical distribution, the magnitude, and the
temporal variability of the troPicai convective heating in order to
represent accurately its effect on stationary motion in middle latitudes.
A particularly accurate vertical profile of heating does not appear to be

as important in this respect. It is also important to represent the

detailed structure of the mid-latitude jet in order to obtain the correct

50



Fig. 26 The difference between the 500 mb heights of the control forecast
and the forecast with tropical relaxation for day 2 (upper left),

day 4 (upper right), day 6 (lower left) and day 8 (lower right).
The contour interval is 4 dam.
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response to tropical forcing.

The barotropic Solutions for a zonally-varying basic flow show that in
favourable circumstances there can be a significant interaction between a
pre-existing forced stationary wave and wave motion forced from an isolated
tropical region. This raises the possibility that experiments with a
general circulatioﬁ model may substantially underestimate the effect of
anomalous boundary conditions, for example sea surface temperature
anomalies, if the model used underestimates the climatological standing
wave pattern. A second result of these calculations is that substantial
cross-equatorial propagation may occur in the presence of an equatorial

region of westerly flow of limited longitudinal extent.

A possible deficiency of these barotropic calculations is that the
zonally-varying basic flow is maintained by a constant forcing rather than
by one which changes with the motion as the additional tropical forcing is
introduced. Further study of the large response found in this case is

evidently required.
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APPENDIX THE LINEAR, STEADY-STATE MODEL

The linearized primitive equations, including a diabatic heating ¢ Q, Newtonian
p

cooling with rate §, and Rayleigh friction with rate e, may be written

= alnps

1 5au . 19U, - 30 13"  RT R
2 (1) 8] X + V' (-2Qu + " 3u) + 0 e + Y + = = —gU (a.1)
. Blnp
1 = 2| M- U | ) 39" _ s
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where U and V are the eastward and northward velocity components multiplied by
the cosine of latitude and p is the sine of latitude. B2An overbar denotes a
zonal-mean field, and a prime denotes a deviation from the zonal mean. Other

symbols have their usual meaning.

We solve separately for each zonal wavenumber component of the perturbation,
using a grid staggered in the north-south. We let Un,Tn and ln denote the
complex amplitudes of U', T' and znps' at latitude w/2 - nA® written as column
vectors with elements corresponding to each of the NLEV model levels. iVt
denotes the corresponding complex amplitudes of the V' at latitude m/2-(n+%)A8.
Here A = w/N, with N the number of grid lengths from pole to pole. Introducing
second-order accurate finite-difference approximations, (A.1) to (A.4) may be

written in the form

n_n n_n nn nn , n- n-1 n
MUT o+ M+ T 4 T - igIUT + MV <o m (A.5)
MnUn + ann + MnTn + ann N iEIVn + Mn+Un+1 + Mn+vn+1 + Nn+ln+1 -
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n.n n._n nn n-_n-1
PIU” + POV + RO2" + B) vVt =0 (A.8)
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n + - . , ; vt
Here Mi' Mz , and Mi are real matrices of dimension NLEVXNIEV with values at

. n + -
each latitude n, Ni and N; are real column vectors, P? and Pg are real row
-+
vectors, and R? and R? are real scalars. ¢2 is the complex amplitude of the

surface value of the geopotential at latitude n which, together with the

corresponding diabatic term Qn forces the wave motion.I is the unit matrix.

The expressions used for the various matrices, vectors and scalars are lengthy,
and will not be repeated here.- They were derived directly from the operational
ECMWF finite-difference scheme (Burridge and Haseler 1977), and non-dissipative,
orographically-forced solutiéns were checked by direct substitution into an
adiabatic version of the ECMWF model. As a by-product of the development of this
linear model, an error in the polar finite-difference scheme near the poles was

detected by examining a poor polar wavenumber 1 structure in a steady solution.

The solution of (A.5) - (A.8) proceeds by reduction to a single equation for

the meridional velocity. (A.5) is used to cobtain an expression for T in terms

of Un, Vn, Vn—1 and Zp, ahd (A.7) then gives U in terms of Vn, Vn_1 and ﬂp.

(A.8) may then be used to write D in terms of V' and Vn—l{ Susbtituting all

these expressions into (A.7) finally yields an equation of the form
+ _n+ - n-
W Py T 2 R (2.9)

n+ n- . ; i
Here M , M* and M are (in general complex) NLEVXNLEV matrices and @ is a

complex column vector dependent on the orographic and diabatic forcing.
The solution of (A.9) uses a method devised by Lindzen and Kuo (1969). A solution

Vo= oy gl (A.10)

is proposed, and substituting into (A.9) gives

n n—- n-1 n.-1 _n+

o =- (M «q + M) M (A.11)
Bn - (Mn— 0Ln—l + Mn)—l (Fn _ Mp— Bn—l) (A.12)
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The polar formulation of the finite-difference scheme gives boundary conditions

of the form

Vo= v o+ g° ' (A.13)
P2ty 8 ‘ (a.14)

so starting with known ao'and BO we use (A.11) and (A.12) to obtain aN_z and
N-2 N-1

R .V is then determined by using
N-2 _N-1 - et
o v + BN 2 = aVN 1 + B,
which gives V’Nm1 = (aN_2 - Ot)“1 (B - BN—Z) (A.15)

The other V's are then obtained from (A.10) using stored values of o and Bn, and

other variables are determined using (A.5), (A.7) and (A.8).

As an alternative forcing of the wave motion we include a relaxation towards a
prescribed state U;, V;, Té (Enps')r over a limited range of latitudes. In this
case terms (W) (U'_ = U'), x (W) (VL - V'), x (W (T, - T') and x (1) ((fnpl)_ -
lnpé) are added to the right hand sides of (A.1) to (A.4) respectively. The
solution method is unchanged. Note also that the south polar boundary condition
(A.14) may be replaced by the condition VM = 0, this corresponding to a
vanishing meridional velocity at latitude w/2 - (M+%)A8. In this case

VM—1 = BM_l and the other V's may again be determined from (A.10) knowing o and

Bn for n < M-1. -
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