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ABSTRACT

Empirical orthogonal functions ( e,o.f.) for 500 mb
height field from 20 years' material (Karhila and
Rinne, 1977) have been used in expanding analyses from
different weather services as well as ECHWT forecasts

into e.o.f. series z(x,y,t) = z(x.y) +) c, (t) f (x,¥).
n
n=1
The largest (still small) deviation between simultaneous

NMC, DWD and FNWCl) analyses occurs in c¢,. The deviation
between 10—day forecast and NMC analysis is by far the

largest in Cy» indicating problems in model physics, as ¢

has a profound vearly cycle. Use of nersistence for cq .
in rebuilding the forecast gives 10% better rms error

score. An attempt has also been made to explore the
efficiency in using e.o.f.'s to store meteorological fields.
For the same amount of numbers to be stored (these)

e.o.f.'s are ahout twice as effective as spherical
harmonics expansion, measured by the maximum deviation and
rms. deviation of 500 mb height field in NMC grid, but may

filter out rare events.

1) NMC - National Meteorological Center, U.S.A,
DWD - Deutscher Wetterdienst, Federal Republic of
. Germany

FNWC - U.S. Navy Fleet Numerical Weather Central U.S5.A.




1. Introduction

Following the Workshop on the use of empirical orthogonal
functions in. meteorology (ECMWF,1977) some work has been
done in ECMWF on the verification and storing of
forecasts with the aid of horizontal empirical orthogonal
functions (e.o.f.'s) of the 500 mb height field. These
functions have béen calculated in the Department of

. Meteorology, University of Helsinki, on a very large
material. They are described briefly in Seption 2.

The comparison of three numerical analyses’with the aid
of e.o.f.'s is in Section 3, verification, statistical
correctioh and smoothing tests are in Sections 4 and 5,
and finally a straightforward comparison in storing
effectivity is made between e.o.f.'s and spherical

harmonic expansion in Section 5,

2, Horizontal empiricallorthogondl functions

There are different approaches in definiﬁg the'empirical
orthogonal functions (e.g. Holmstr8m, 1977). Computations
are, however, usually based on finding them as eigenvectors

fn related to eigenvalues Xn of the covariance matrix M:
Mf = A_f (2.1)

where the elements Mij of M are

. T : , .
M, o= 27 [2(i,t) - zm(i)] [2(3,t) - zm(§)] (2.2)
.lJ ‘“Tt=1 . _ B

for the atmospheric variable z(x,y,t) given in discrete

points i,t, (N in space and T in time) with the time mean

;1 T
zm(i) = 7 ) oz(i,t) (2.3)
t=1



The eigenvectors (e.o.f.'s, principal components) fn(i)
are classified according to decreasing magnitude of

' eigenvalues, the sum of which gives the total variance
in the data sample:

1
{ = (i,t)-zm(i)]%} =} * 2.4
1N11[21)m1)1 L ' ( )

1o~ 13
o~ =
i~ =2

<

t

The eigenvectors are orthogonal and usually normalised to

one over the definition area A

N N
Lle ¢ daz] f,(Df(Dda(i)=s . I da@@)=1
= - =1 (el

Here da(i) is the dimensionless area element for the grid
point i.

Once the functions have been determined the variable
z(i,t) can be presented in the series expansion

N
z(i,t) = zm(i) + L c () £ (1) (2.6)
n=1 '
'Multiplying (2,6) by fn(i), integrating over the area A
and using the orthonormality condition (2.5) gives the
coefficients Cht

N
e, (t) le (z(i,t) - zm(i))f (i)da(i) (2.
i=

The series (2.6) is exact (without any residual) if all
possible N components are used. Because e.o.f.'s are by
definition the most rapidly converging series expansion
in the data sample ( in r.m.s. sense ) , the components
related to small eigenvalues can be left out without
introducing too much residual in the series (2.6). This
property makes e.o.f. expansion possibly useful for

storing and smoothing purposes.




ECMWF has received the functions determined in the
e.o.f. project of the Department of Mefeorology,
University of Helsinki. The data material is from the U,S,
Navy Fleet Numerical Weather Centfai:(FNWC), Monterey,
California, altogether T = 11876 500 mb height analyses
from 20 years between 1945 and 1970. The %rea for
computations is the NMC grid north from 22 N in N = 1404
grid points. This very large material was divided into
four coarser grids, e.o.f.'s were determined for each
coarse grid and finally joined together, The detailed
method and data description is in Karhila and Rinne
(1977), the accuracy of the series is discussed in

Rinne and JHrvenoja (1977) and data checking with the

resulting e.o.f.'s is ipdicated in Rinne (1977).

Figurekl shows‘tﬁe first six e.d.f.'s with their
contribution fo the totél variance of the data

~(159 m)z. The first function f1 has large values over the
eastern part of the continents (the climatological trough
areas) and lower values over oceans. The time series of the
first coefficient Cq has a clear yearly cycle being
negative in winter and positive in summer. Thus the
combination clf1 tends to strengthen the main troughs

in winter and weaken them in summer, a feature typical

for all e.o.f. investigations where the yearly cycle is

not excluded (c.f. Craddock and Flood, 1969).

The other coefficients do not haVe any clear cycles.
The patterns of the higher functions depend fully on the
data sample and thus not too much weightyshould be given

to individual e.o.f.'s or their physical meaning,
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Figure 2 shows the 20 year mean field zm and the functions
91 - 95 as examples of the smaller spatial scales involved
with the higher functions. In all, 175 functions will be
used in the following. Their cumulative variance reduction
is 99.50 % in the 20 year data sample.

3. Comparison of three numerical analyses

OttOJBliesner et al (1977) found differences in

‘simultaneous numerical analyses of 500 mb height fields

in a data-rich U.S. continental area. Comparison of NMC

and ‘DWD analyses from December 1970 to January 1971 in

ECHWF (Arpe, 1977, unpublished report) revealed

considerable and systematic differences between the two
analyses, NMC having generally stronger gradients and more
kiﬁetic energy in geostrophic wind in all zonal wave numbers,
especially in the subtropics. To find out the normal scale
of deviations in the time series of e.o.f. coefficients three
aﬁalyses available in ECMWF for December 1970 were compared.
Two of them were made with the correction méthod, NMC

using forecast as a first guess, DWD starting from
climatology. FNWC analyses were made by a modified correction
method (seeHaltiner, 1971). They are dependent data, being
included in the 20 year data sample used in the détermination
of the e.o.f.'s . The DWD analyses were interpolated to the NMC
grid and e.o.f. coefficients cn(t) were computed for all the

three analyses using equation (2.,7).




Figures 3, 4 and 5 show the time series of some €.0.f.
coefficients for 16 days of December 1970. 1In general,
the daily change in the first coefficients is smooth.

For the first coefficient c;, NMC gives smaller absolute
values than DWD and FNWC, while in the second coefficient
the difference between the three analyses is quite large.
-In higher modes the analyses seem to agree better, DWD
possibly giving slightly smoother time series. The two
American analyses with supposedly rather similar observational
data background seem to agree well in higher modes, which
describe smaller scale phenomena, The normal initial
variance in the coefficients is, according to this data,
well within 10 m, except for the first two coefficients.
The ability of the functions in describing independent
material (DWD and NMC) seems to be rather good.

The mean rms difference between NMC and DWD analyses

rmsd =/h(zNMC - ZDWD)2 area yas 30.5 m north from 22°N

in December 1970, Using the orthogonality of the e.o.f.

series (2.6)the mean square deviation can be written as the

sum of contributions from each mode and thus rmsd is

/ N
rmsd =/ ) (C

(t) - 2"ty )2 (3.1)
n=1

NMC
n

In Figure 6 the rms difference(3.1) is plotted as the
function of the cumulative sum index, for 30 day mean as

well as for one individual case, Most of the difference comes
from the lower modes; one third of the monthly mean YWMS

deviation is obtained with the modes 1 - 10 and one half
is obtained with the first 20 modes. Consequently the

differences between the analyses are not only small

scale features.
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4, Verification trials

The 10 day forecast used in the verification test was

made by the ECMWF N16/24 9 level modeI® with GFDL physics

but Kuo-type moist convection scheme, starting from the

GFDL initial data set for 1.3.1965 00 GMT. This versioﬁ of the
model and the quality of the forecast was discussed as
experiment NO2 in Tiedtke (1977). The 500 mb height fields
were interpolated to the e.o.f. grid and coefficients

c(t) computed from (2.7); NMC analyses are used for

verification.

Figure 7 presents the first coefficients in‘the 10 day
_interval for the forecast and verification fields. The
initial difference between the GFDL and NMC

analyses is small except for the first coefficient. This
initial difference in Cyq indicated a small error in the pre-
processing of initial data, which was found and cured later,

*) N16/24: 16 points in 90° longitude, Ar= 5.625°
24 points in 90° latitude, A¢= 3,750
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The forecast error, measured as the difference between
analyses c, and forecast Cho is by far largest in the

first coefficient, being 40 - 50 m after 3 days.

The first e.o.f. component is related to climate through

the annual cycle of the first coefficient and the land-sea
distribution of the pattern itself. The large error in the
first coefficient may thus indicate problems in the
climaﬁologically important features of the model, which

‘are topography and heat sources and sinks, i.e. what we usually
denote 'physics'.In the second coefficient the deviation
between the forecast and analysis remains smaller than
between two analyses, while the third and fourth modés

show a slow but successive deviation from the analyses through
the forecast period. The error is again large for coefficient
5, where even the sign is wrong. The most dominant feature

in function 5 was the high - low pair over the Atlantic-
Pacific oceans. This negative correlation pattern is

very similar to the surface pressure anomaly maps in

cold/warm northern winters in van Loon and Rogers (1977).

Expansion of rms-error and correlation coefficient of

anomalies from the time-mean zm with e.o.f. series gives

2
rmse(nl,n2) = //E (Cg(t) - Ci(t))z o=0bserved

=nl

n=n (4.1)
n2 o] f
) c (t) C (%) f=forecast
corr(nl,n2) = p=nl

//Fﬁz n2
o 2 f 2 :
L Cco(e) ] C.(t) (4.2)

n=nl n=nl

Figure 9 shows these error scores for the 10 day forecast
together with persistence and climatological normal rms
. variation. In the verification area north of 22°N the
grid point scores and (4.1) and (4.2) are practically the
| same, when all 175 components are included, so that

very little contribution is coming from modes higher than
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175. Most of the difference is due to the lower modes

1 — 10 and 11 - 50, in about the same proportion. This
was also the case for the differences between analyses
(see also day 0 for NMC and GIDL analyses) and it is
expected that the rms error curve rmse as the function of

n would look much similar to Figure 6.

‘The high correlation coefficients in Figure 9 are partly due
to the 20 year time mean zm used in the anomaly. Taking
instead the climatological mean for March as in the ECMWF
verification system changes the correlation curve
considerably (thick dashed line in Fig. 9). Similar effect
is obtained by using '"daily" climate zm + cl(t) fl

instead of zm for the correlation coefficient expansion
(4.2).

5, Dynamical-statistical forecasting

The smooth behaviour and large forecast error in the first
coefficient suggest to keep it constant and equal to initial
value when reconstructing the grid point values. This
should decrease error in the resulting forecast field. This
combination of persistence (for Cl) and forecast ( for

c,» B >1), was tried.

Figure 10 gives the rms error and Figure 11 the forecast

z 500 field for day 5. In this case study the rms error
Adecreased about 10 % and the reconstructed forecast
patterﬁ is more realistic e.g. in the low pressure systems

over U.S. west coast.
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In an attempt to reduce rms error of the forecast
Rinne (1972) developed a regression model between e.o.f.
coefficients in a sample of analyses and forecasts from a

filtered three parameter model., The rms error minimizing

regression equations - apreared to be*a'smoothing scheme,
according to which each c (t) of the forecast should be
multiplied by B(n,t),

where T is the forecast period in days. This smoothing was
‘quite étrohg.and a weaker smoother was applied in a

" barotropic model based on'e{b.f.'s ( Rinne & Karhila,1975),
‘where

B(n,t) = ¢~ 0-11(T= 0.5) - 0.009 n (5.2).
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Although both the forecast model and the sample for
e.0.f.'s used here are quite different, this type of

smoothing was tried in addition to keeping c, constant.

The rms error in Figure 10 for the 1404—gridlpoint area

is slightly smaller but only from day 6 onwards. Of course
any smoothing should decrease rms error, but (5.2)

seems to be ontimal if all 175 degrees of freedom are used,
according to a few test cases where narameters of B were
varied. Tigure 12 gives an example of the smoothed

forecast for day 7.

To further evaluate this statistical correction the ECMWF
conventional verification package was used, after inter-
polating the NMC grid values to 2.50 lat-long grid and
calculating Fourier coefficients up to wave number 20 on each
latitude line between 25° - 82.5° N (Arpe et al, 1976).
After this procedure the total rms error of the original
forecast is very near to the corrected and both are under
normal variation line (Figure 13). The original forecast
was better in zonal mean part both in rms error and
correlation coefficient. However, in baroclinic and small
wave number groups 4 - 9, 10 - 20, the smoothed forecast
is slightly better after 4 days. The phases of the waves
are practically unchanged,which is demonstrated by the

Hovmbller ridge-trough diagram in Figure 15.

6. Comparison of e.o.f.'s and spherical harmonics in

storing data.

One advantage of a series expansion is that normally less
is needed to represent the field with reasonable accuracy
than was the case with the original amount of information.
The e.o.f. expansion is the most effective by definition in
the sense of a least square fit in time and space, when
applied to the data sample from where thev were determined.

An important question is how effective the e.o.f. expansion
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In the spherical harmonlcs expansion for northern hemisphere
data only coefflclents A B with m+n = even (Bg = 0) are
used. The number of coefflclents needed 1s then (5 + 1)

(T + 1) for trlangular truncation and (5 + 1)(2R + 1)
for rhomboidal truncation ( R even ).

In Figure 17 the deviation measures between the truncated
series reproductions and the original grid point field
_values are plotted as a function of numbers needed for
storing in one case. The deviation measures are the
_maximum absolnte deviation found in the area, rms deviation
‘and that part of the surface, where deviation is more than
a given tolerance, all for the area 22°N - 90°N.

The z 500 mb analysis used is taken from ECMWF's multi-
variate optimum interpolation scheme for 3.750'1at—10n

grid in 12.2 76 12 z, The same deviation measures are in
Flgure 18 for the British Meteoroloylcal Office z 500 mb ana-
lysis in 8.2.76 0z, which is based on orthogonal polynomial

fitting on 300 km polar stereographic grid. Some NMC DST
2,5° grid analyses were used, too, but as these are based
on Hough-functions, which are a linear combination of
~spherical harmonics (here with truncation m = 24, n = 55,
Sela, 1974), they maykfavour the spherioal harmonics
expansion. ‘

All these tests gave similar results : for the same
accuracy in reproducing the 500 mb height field the spherical

harmonlcs expan51on needs about twice the amount of numbers,
compared to e.o.f.'s., For example, the rms deviation to. be
less than 20 m in the BMO analysis 80 e.o.f. coefficients
are needed but 153 (T16) for spherical harmonics series,

It can also be seen that the triangular truncation is
slightly better than rhomboidal in the storing sense.

E.o.f.'s thus seem to be twice as effective as spherical
harmonics in data storing. However, the spherical harmonics
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expansion is valid for the northern hemisphere, while the
e.o.f. area was only north of 22°N. Furthermore,
mathematical functions can be easily used in any level and
for any variable while the determination of e.o.f.'s

is always a rather laboursome task. Another question

may arise about the time dependency of the e.o.f. series
residual : an event which did not exist or was extremely
rare in the original data sample cannot be represented

by the series, and thus effectively filters out. This
feature is not necessarily harmful, but it should be borne
in mind when storing or filtering data with the aid of
e,o.f.'s. A few tests were made, where the 500 mb height
analysis was fed with Gaussian random noise with zero mean
and standard deviation of 20 m, and/or small scale humps.
All these cases gave coefficients (2.7) very near to the
original coefficients, so that this random noise was
effectively filtered out. On the other hand, if the
artificial hump in a small area is considergsd a small
scale low, it was filtered out as well, It is felt that
extra studies are needed to evaluate these time dependent

filtering properties.

The conclusion is that e.o.f. series is very useful for

special purposes, e.g. high density storing for climatological

studies, while general storing is more suitable to spherical

harmonics or other functional renresentation bhecause of their

rather good effectiveness and more general nature.

Finally, to demonstrate the achievable accuracy with the
spherical harmonics expansion Figure 19 gives the deviation
scores up to T60 in DST (2.5° grid), BMO (300 km grid) and
ECMWF (.'%.75O grid) analyses for the northern hemisphere.

The smoothly varying 500 mb height field is well suited

to a series expansion : deviations of all the three analyses
converge towards zero quite rapidly. DST analysis is
easiest to represent with spherical harmonics as can be

expected.
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7. Conclusion

Empirical orthogonal functions (e.o.f.) for 500 mb height
fields from a 20 years material have been used in studying
different numerical analyses and an ECMWF 10 day forecast.
The deviation between NMC, DWD and FNWC analyses was
generally small with the largest deviation systematically
in the second coefficient c2. One third of the total rms
deviation between the analyses ( totally ~ 30 m in the
.area north of 220N) was due to the first ten coefficients
related to large scale phenomena. In the ten day fore-
cast with the ECMWF model in N16/24, 9 level resolution
and GFDL physics but Kuo convection, the largest error was

in the first coefficient c¢ which is generally accepted to

describe climatological fe;tures. Using persistence for

this smoothly varying coefficient when reconstruéting

the forecast decreased the rms error about 10 %.

An optimized sroothing scheme for the coefficients was
tested, but this did not have a great effect on error scores,
and the smoothing tends to be strong for medium-range
forecasts., Calculations on other cases to be published

later confirm these results.

Comparing e.o.f.'s and spherical harmonics expansion (in
triangular and rhomboidal truncation) using the same data
gave the result that e.o.f.'s are about twice as effective
in describing 500 mb height fields, when measured by grid
point maximum deviation and rms deviation. However, the
e.o0.f.'s are less general and also act as a time filter;
which may introduce problems in data storing and filtering.
Their main use may thus be in the verification and diagnostics,
Interesting problems in this area might be to find the time
filtering proverties, to develop new skill scores, which
could be nearer to subjective evaluations than the present
statistical scores, and to compare vertical e.o.f.'s

from model forecasts with reality.
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